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ABSTRACT. This is the second in a series of papers on a new equivariant cohomology 
that takes values in a vertex algebra. In an earlier paper, the first two authors gave 
a construction of the cohomology functor on the category of 0(sg) algebras. The new 
cohomology theory can be viewed as a kind of "chiralization" of the classical equivariant 
cohomology, the latter being defined on the category of G* algebras a la H. Cartan. In this 
paper, we further develop the chiral theory by first extending it to allow a much larger class 
of algebras which we call sg[t] algebras. In the geometrical setting, our principal example 
of an O(sg) algebra is the chiral de Rham complex Q(M) of a G manifold M. There is 
an interesting subalgebra of Q(M) which does not admit a full 0(sg) algebra structure 
but retains the structure of an sg[t] algebra, enough for us to define its chiral equivariant 
cohomology. The latter then turns out to have many surprising features that allow us to 
delineate a number of interesting geometric aspects of the G manifold M, sometimes in 
ways that are quite different from the classical theory. 
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1. Introduction 

We fix a compact connected Lie group G with a complexified Lie algebra g. 

In section 5 of [8], the notion of the chiral equivariant co ho mo logy of an O(sg) algebra 
is defined. This is a functor from the category of O(sg) algebras (where the morphisms 
are basic differential vertex algebra homomorphisms) to the category of vertex algebras. It 
turns out that the functor continues to make sense if we replace the O(sg) algebra structure 
with roughly half of that structure. 

Recall that given a Lie algebra g, we have a Lie super algebra sg = g>g _1 with bracket 
[(£,77), { x iV)] = ([C)^]) [£>Z/] — [ X 7V])- See section 3 of [8]. We then form a loop algebra 
sg[t, t -1 ], equipped with a derivation d : (£,rj)t n 1— > (77, 0)t n , and its associated differential 
vertex algebra O(sfl). The Lie subalgebra sg[t] of the loop algebra is clearly preserved 
by d. Recall that an O(sg) algebra is a degree- weight graded differential vertex algebra 
(DVA) (A,dj) equipped with a DVA homomorphism O(sg) — > (A,dj\). In particular, A 
is a module over the loop algebra sg[t, t -1 ]. 

What we call an sg[t] algebra is a vertex algebra equipped with a linear action of 
the differential Lie superalgebra sg[t]. We notice that the notion of the (chiral) basic 
subalgebra of an O(sg) algebra defined in [8] uses only the sg[t] module structure, rather 
than the full O(sg) structure. The module structure is enough for us to define the basic 
subalgebra of any sg[t] algebra, hence its basic cohomology. This observation allows us 
to construct a much more interesting cohomology theory than the one insisting on a full 
O(sg) structure. For example, if M is a G manifold, it was shown in [8] that the smooth 
chiral de Rham complex Q(M) is an O(sg) algebra. It turns out that Q(M) contains an 
interesting subcomplex Q'(M) which admits only an sg[t] structure. Thus our extended 
theory of chiral equivariant cohomology can now be a potentially useful tool for studying 
the geometric aspects of the G manifold via the algebra Q'(M), in addition to Q(M). 

Various aspects of the chiral de Rham complex and its generalizations have been 
studied and developed in recent years. In [9], the sheaf cohomology was considered in 
terms of representation theory of affine Lie algebras. In [5] , cohomological obstructions to 
the existence of certain subsheaves and global sections were considered, while in [3], the 
chiral de Rham complex was studied in the context of finite group actions and orbifolds. 
More recently, chiral differential operators have been interpreted in terms of certain twisted 
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two-dimensional supersymmetric sigma models [11]. It has been suggested that chiral 
equivariant cohomology for G manifolds could be a gauged version of a sigma model. 1 
Hopefully, a simple physical interpretation can be found for some of our results on the 
chiral equivariant cohomology of Q(M) and Q!{M) (such as the vanishing of the positive 
weight operators in H G (Q(M)) in some cases.) 

Acknowledgement. B.H.L.'s research is partially supported by a J.S. Guggenheim 
Fellowship and an NUS grant. A.R.L. and B.S. would like to thank the Department 
of Mathematics, The National University of Singapore, for its hospitality and financial 
support during their visit there, where this project was initiated. 

1.1. The smooth "chiral de Rham sheaf" 

Suppose that {T n \ n = 0, 1, 2, . . .} is a family of sheaves of vector spaces on a smooth 
manifold M. In general, the presheaf T defined by J-(U) = © n >o-^n(^ r ) is not a sheaf. 
For example, for M = R and jF n a copy of C°°, if we cover R by an infinite collection 
of open intervals, one can use bump functions to construct a family of sections which are 
compatible on overlaps but do not give rise to a global section of T . However, JF does 
satisfy a slightly weaker version of the reconstruction axiom: 

- T{U) - H^(Ui) =4 ll^Ui n Uj) (1.1) 

is exact for finite open covers {Ui} of an open set U. A presheaf which satisfies this weaker 
exactness condition will be called a weak sheaf. 

There is a mistake in terminology in the construction of the smooth chiral de Rham 
complex given in Section 2.6 of [8]. For M = R n , the sequence 

o -> Q(U) -> Yl Q(U t ) =4 J] Q{Ui n Uj) 

appearing in the proof of Lemma 2.25 is only exact for finite open covers {Ui}, so the 
assignment U h- > Q(U) should really be called a weak sheaf, instead of a sheaf, on R n . 
Note that for any open set U C R n , Q(U) is a weight graded vertex algebra, so that 

C(tO = 0fi(%] 

m>0 

We thank E. Witten for drawing our attention to this development. 
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where Q(U)[m] is the subspace of conformal weight m. For each m, the assignment U h- > 
Q(C/)[m] does define a sheaf on R n . Moreover, the statements and proofs of Lemmas 
2.25-2.30 of [8] are correct if we use the sheaf Q[m] instead of Q. This yields a family of 
sheaves {Qm["t,]| m > 0} on any smooth manifold M. Finally, Qm is the weak sheaf of 
vertex algebras defined by 

Qm(U)= 0QmH(?7). 

m>0 

Alternatively, one can also construct Qm by using Q as in Section 2.6 of [8], but one must 
work only with finite open covers. 

We should not work with the sheafification Qm of Qm since (again using bump func- 
tions) one can show that Qm is not the direct sum of its weighted pieces, and Q(U) is not 
a vertex algebra in general. 

The change of terminology from sheaf to weak sheaf has no practical effect on our 
theory of chiral equivariant cohomology. The weak sheaf Qm is graded by the sheaves 
QmN- Whenever we need to construct a global section of Qm by gluing together local 
sections, these sections are always homogeneous of finite weight, so we may work inside 
Qm[H for some m. The 50 [t] -algebra Q'(M) = Q' M (M) mentioned above will be the 
global sections of a weak sheaf Q' M which is graded by subsheaves Q' M [m] C Qm [m] ■ 

For simplicity, we will drop the word "weak" throughout this paper, and use the word 
sheaf to denote a weak sheaf when no confusion will arise. 

1.2. Outline of main results 

We begin with a general formulation of the chiral equivariant cohomology on the 
category of sg[t] modules in section 2. 

The functoriality of Q' and Hg(Q'(— )) is proved in the geometric setting in section 
3. The main result here is the isomorphism Q! M j G = P*Q! M f° r principal G bundles 
p: M -> M/G. 

In section 4, we prove that the universal class given by the Virasoro element L, con- 
structed in [8], is in fact a conformal structure on the chiral equivariant cohomology for 
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any semisimple group G. This gives a powerful way to decide the vanishing of higher 
weight classes, since a vertex algebra equipped with a conformal structure is a commu- 
tative algebra iff the conformal structure is trivial. We show that for any faithful linear 
representation of a semisimple group G, the chiral equivariant cohomology of the algebra 
Q(M) is purely classical. We also prove that if a G manifold M has a fixed point, then the 
chiral Chern-Weil map for the algebra Q!(M) is injective. In another extreme, we prove 
that if G acts locally freely, then the chiral equivariant cohomology of Q'(M) is purely 
classical. 

When G is abelian, we prove in section 5 that the chiral equivariant cohomology of 
M is purely classical iff G acts locally freely. 

In section 6, we prove a reduction theorem that relates HqxT with when T is 
abelian. We then apply it to show that for any semisimple group G and a torus TcG, 
the chiral equivariant cohomology of Q'(G/T) is purely classical. 

1.3. Notation 

The reader is assumed to be familiar with the material in section 5 of reference [8]. 
Throughout this paper, we shall adhere to most of the notations introduced in that paper. 
A partial list of frequently used notations is appended below. 

Throughout this paper, a manifold M is always assumed to have a finite open cover 
consisting of coordinate open sets. Unless stated otherwise, a compact group considered 
here is assumed connected. 



G,H,T 


compact connected Lie groups. 


0,0* 


complexified Lie algebra of G and its dual. 




the pairing between £ e and £' G 0*. 


50 


the differential Lie superalgebra > _1 with differential (£, rf) h- > (77, 0). 


50[t,t" 1 ] 


the differential loop algebra of sg. 


sg[t] 


the differential subalgebra of the loop algebra which is polynomial in t. 


5Qt n 


the subspace of monomials (£,r/)£ n of degree n in sg[i,t -1 ]. 


0(sg) 


the current algebra of sg with differential d. 


S(g),S(g),W(g) 


the semi-infinite exterior, symmetric and Weil algebras of 0. 




the standard generators of the vertex algebra S(g). 
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ft, 7^ the standard generators of the vertex algebra S(g). 

(7, c) the vertex subalgebra generated by the 7^', c£' in W(g). 

V = © Pl n6Z,^[n] degree- weight graded vector space whose degree p and weight n 

subspace is F p [n]. 
QO{V) the space of Fourier operators a : V — > V((z)). 

a(z) = a(j>)z _p_1 power series expansion of a Fourier operator a with pth Fourier mode a(p). 
a o p b the pth circle product of Fourier operators a, 6. 

da = a o_ 2 1 the formal derivative of a Fourier operator. 

V — * QO(V), a 1— > d the left regular module of a vertex algebra V; d(p)6 = a(p)b = a o p b. 

(A, d) differential vertex algebra (DVA), or an O(sg) algebra, or an sg[t] algebra. 

•Ai nv , Ahon-Abas the chiral invariant, horizontal and basic subalgebras of an sg[t] algebra A 
O = Om the de Rham sheaf of differential forms of a smooth manifold M. 

Q = Qm the chiral de Rham sheaf of a smooth manifold M. 

cIq the chiral de Rham differential on Q. 

b % , c 1 , f3 l , 7* generators of Q(U) associated to a coordinate open set U with 

coordinates 7 : U — > R n . 
a 1— > a\U a restriction map J-'(M) — ► ^{U) of a sheaf JF. 

Q' = S'm the sheaf of vertex subalgebras generated by the subsheaf O = Q[0] in Q. 

Hft as (^l) the chiral basic co ho mo logy = H{Abasi d) of an sg[t] algebra (A, d). 

Hg(A) the chiral equivariant cohomology = H([W(g) <S> A]b as , dyy + ^) 

of an sg[t] algebra (A, dj). 
f '■ Q'n — ► /* Q'm the sheaf homomorphism induced by a smooth map / : M — > N. 
H G (C)^H G („4) the chiral Chern-Weil map of A 
Hbas(A)^HG(A) the chiral principal map of A. 

Hbas(A) the classical basic cohomology of a G* algebra (A,d). 

Hg{A) the classical equivariant cohomology of a G* algebra (A, d). 

W = W(g) the classical Weil algebra of g. 

(£> v) l— + l v an 0(sg) structure 50 — > .A on a DVA (A, d). 
(£, 77) i-> 6^ + fr 7 ' the 0(50) structure on W(fl); 6^ = e| + e|. 
g, L = dg a chiral contracting homotopy and a Virasoro structure on an 

0(sg) algebra (A,d). 

£' h-> #£/ chiral connection forms parameterized by 0* — > v4.[0] on an O(sg) algebra. 

£' I— > r^/ = (7 o 0^, the weight one elements associated to the chiral connection forms. 
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Recall that a differential vertex algebra (DVA) is a degree graded vertex (super) algebra 
A* = pe z*^ P equipped with a vertex algebra derivation d of degree 1 such that d 2 = 0. 
In particular, for any homogeneous a, b G A, 

d(a o n b) = (da) o n b + (-l) de9 a a o n (db). 

As in [8], the DVAs considered in this paper will have an additional Z-valued weight gra- 
dation, which is always assumed to be bounded below by and compatible with the degree, 
i.e. A* = @ n > A*[n]. 

Definition 2.1. An sg[t] module is a degree-weight graded complex (A*, d X) equipped with 
a Lie algebra homomorphism p : sg[t] — > End A* , such that for all x G sg[t] we have 

• p(dx) = [d A ,p(x)]; 

• p(x) has degree whenever x is even in sg[t], and degree -1 whenever x is odd, and 
has weight —n if x G sgt n . 

Definition 2.2. Given an sg[t] module (A, d), we define the chiral horizontal, invariant 
and basic subspaces of A to be respectively 

A hor = {ae A\p(x)a = 0VxG g~ l [t}}, 
A inv = {a G A\p(x)a = \/x G g[t]}, 

Abas = Ahor H Ai nv . 

An sg[t] module (A,d) is called an sg[t] algebra if it is also a DVA such that Ahor, Ainv 
are both vertex subalgebras of A. 

When we wish to emphasize the role of the group G, we shall use the notations Aa-hor, 
AG-inv, Ac-bas, and we use the term G chiral instead of chiral. 

Given an sg[t] module (A, d), it is clear that Ai nv , Ab as are both subcomplexes of A. 
But Ahor is not a subcomplex of A in general. Note also that the Lie algebra sg[t] is not 
required to act by derivations on a DVA A to make it an sg[t] algebra. 
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If (A,d) is an O(sg) algebra and (£,??) i— > + l v denotes the O(sjj) structure, then 
any subDVA B which is closed under the operators (Z^ + t, v )o p , p > 0, is an sg[t] algebra. 

Example 2.3. An interesting subsheaf of Q. 

Let MbeaG manifold. Recall that in [8], the smooth chiral de Rham complex Qm 
on M is a direct sum of sheaves Q^fm], constructed by transferring sheaves Q[m] on R n 
with the "Grothendieck topology." We define a subsheaf Q'[m] of Q[m] on R n by 

Q'[m](U) = (Q(U))[m], 

i.e. the weight m subspace of the vertex subalgebra in Q(U) generated by Q(U) = Q[0](U). 
Then it is easy to check that Q'(U) := m>o Q'[m](U) is an abelian vertex algebra 
which is linearly isomorphic to C[<9 l 7 J , <9V |i > 0, j = 1, n] ® Q(U). Then by the same 
construction as in Section 2.6 of [8], we can transfer the (weak) sheaf Q' on R n to M and 
obtain a (weak) sheaf of vertex algebras on M. Thus for each point x E M, we have 

2'mHx = ((^m)x)H C Q M [m]x- 

An O(sX) structure is defined on Q(M) (see Remark 3.3 of [8]). We observe that the 
space of sections of Q' is closed under the chiral de Rham differential oIq, which means that 
Q! is a sheaf of DVAs. More importantly, for any vector field X, the operators L X ° P and 
i-x°p preserve Q' for all p > 0. Since the G action on M induces a homomorphism O(sq) — > 
O(sX), it follows that Q'(M) is also closed under the action of the Lie algebra sg[t], and 
Q'(M) inv = Q(M) inv n Q'(M), Q'(M) hor = Q(M) hor n Q'(M) are both subalgebras of 
Q'(M). Thus (Q / (M),rf Q ) is an sg[t] algebra. Note that by Lemma 2.9 of [8], the sg[t] 
action on Q'(M) is in fact by derivations because Q!(M) is abelian. 

Note that the assignment M i— > Q(M) is not functorial in the category of manifolds, 
because its construction involves both differential forms and vector fields on M at the same 
time. But we shall see in the next section that M i— > Q'(M) is, in fact, functorial. Roughly 
speaking, the main reason is that M i— > O(M) is functorial, and that Q'(M) is a vertex 
algebra generated canonically by the commutative algebra O(M). 

Let A, B be sg[t] algebras. A DVA homomorphism / : A — > i3 is said to be c/wroZ basic 
if /(v4b as ) C Bbas- Likewise for a module homomorphism. If / : A — > B is chiral basic and C 
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is an 0(sg) algebra, then it need not be true that the homomorphism 1® / : C®A — > C®B 
is chiral basic. The case we will study is when C = W(g). The most important case is when 
A = C, for which this is not a problem. For if £>, C are any sg[t] algebras, the canonical 
DVA homomorphism C — > C <E> £>, c i— > c (8) 1, is chiral basic because 

bas- 

The following generalizes the notion of the chiral basic cohomology of an O(sg) algebra. 
See Definition 5.1 of [8]. 

Definition 2.4. Let (A*,d) be an sg[t] module. Its chiral basic cohomology Hbas(A) is 
the cohomology of the complex (Al as , d). 

Definition 2.5. For any sg[t] module (A*, dj), we define its chiral equivariant cohomology 
He (A) to be the chiral basic cohomology of the tensor product 

(W{s) ®A,d w + d A ) 

where dyj = J(0) ® 1 + K(0) <8> 1 and dj_ = 1 <S> d A . We call the canonical maps 

k g = k£: H bas (W( )) = H G (C) ^ H G (^), ir G = ^ : H 6as (^l) - H G (^), 

induced by W(g) — > W(g) ® A and A — > W(g) <S> A, respectively, the chiral Chern-Weil 
map and the chiral principal map of A. 

In this paper, the two main examples of chiral equivariant cohomology H G (^4) are 
given by the sg[t] algebras A = Q(M), Q'(M) of a G manifold M. We will be especially 
interested in their chiral Chern-Weil and principal maps. The name for the second map 
is motivated by the following classical example. If M is a G manifold, then O(M) is a 
G* algebra. The canonical G* algebra homomorphism O(M) — > W <8> O(M) induces a 
map Hb as (Q(M)) — > Hg{M). Note that (0(M)b as , <idi?) is a subcomplex of the de Rham 
complex, hence all positive degree elements in Ht, as (Q(M)) are nilpotent. Now suppose 
M is a principal G bundle. Then the map H bas (VL(M)) -> # 6as (W ® O(M)) = H G {M) is 
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an isomorphism, and both sides coincide with H(M/G). See section 4.3 of [6]. In general, 
the map measures how far M is from being a principal bundle. 

The sg[t] algebra A = Q!{M) has a special feature. The equipped SQ[t] structure 
actually comes from an O(sq) structure on a larger DVA, namely E = Q(M), of which A 
is a subalgebra. Because of this special feature, we have 

Abas A ® Ebas ^ A. 

Since Bb as is a commutant subalgebra of £>, Abas is a subalgebra of A. 

2.1. The small chiral Weil model for st[t] algebras 

In this subsection, we assume that G = T is abelian. 

In [8], we introduced for any O(st) algebras A, the small chiral Cartan model 

Or (A) = (l)®A inv 

with differential dr = 1 <S> d^ — (7^ <8> ) (0) . Here (7) is the vertex subalgebra generated 
by the 7^ in W(t). We have shown that H(C T {A),d T ) = H T (.A). In this subsection, we 
will describe the analogue of this in the chiral Weil model and for st[t] algebras A by using 
the chiral Mathai-Quillen isomorphism We shall assume that the sg[t] structure of A is 
inherited from an 0(sq) algebra A' containing A. As usual, we denote the O(sg) structure 
by (£, if) ^ + l v . Let (7, c) be the vertex subalgebra generated by the 7^', c^' in W(t). 

Lemma 2.6. C T (A) = $((7, c) <g> A inv ) h or- 

Proof: Recall that $ _1 = e - ^ ) where 

0(0) = XV'(-P-1) (2.1) 

Since the c^(—p — 1) kill (7) for p < 0, we only need to sum over p > above, if we let 
act on Cr{A). For abelian G = T, the L^, t v commute so that each t^(p) preserves Ai nv . 
This shows that ^~ 1 C T (A) C (7, c) <S>A inv . Since elements of $ _1 C T (^) C (W(t) <S>A')b as 
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are chiral basic, and since 0(st) acts trivially on W(t) because G = T is abelian, it follows 
that 

$ _1 C T (.A) C ((7, C) <g> AmObas = ((7, C) <g> Anchor- (2.2) 

By a property of the chiral Mathai-Quillen map, 

$((7, c) <g> Ainv)hor C $(W <g> Am;)&a S C WW <g> A™- 

But since the sum (2.1) is over p > 0, we have $((7, c) ® Ai nv )hor C (7, c) £g> Since 
W/ior fl (7, c) = (7), it follows that 

$((7, C) <g> Anchor C (7) <g) An. = C T (A>- 

Together with (2.2), this implies our assertion. □ 
This shows that 

V T (A) d ^$- l C T (A) = {(i,c)®A inv ) hor 

with the differential 

$-^ T $ = d w + d A = ( 7 ^)(0) + d A 
is isomorphic to the small chiral Cartan model (Ct(A),cIt), where 

d T = -tfi ® t £.)(p) + d A . 
We call (T>t(A)j <iyy + d A ) the small chiral Weil model for A. To summarize, we have 

Theorem 2.7. TTie maps Ct{A) — > 'Pt(A) ^ (W(t) ® A);, as induce the isomorphisms 
H T (.A) if (V T (A) , rf w + d A )^H(C T (A) ,d T ). 

By using the relation d-y^fi^ = £r, we find that the complex ((f3,b),dw) is acyclic. 
Using the fact that the are chiral horizontal, one can show directly that the inclusion 

((7, c) ® Ainv)hor (VV(t) ® A)& a s is a quasi-isomorphism of DVAs, giving another proof 
that the small chiral Weil model for A also computes Ht(A). 

The preceding theorem also shows that chiral equivariant cohomology is functorial 
with respect to abelian groups. Let T, H be tori and A be an sh[£] algebra. Let T — > H be 
a map of Lie groups, so that A has an induced st[t] algebra structure. The map T — > if 
also induces a map (7, c)# — > (7, c)t between the subalgebras generated by the 7,0 in 
W(h) and W(t), respectively. This gives rise to a DVA map V H (A) -> £>t(»4)- Tnus in 
cohomology we have a natural vertex algebra homomorphism H H (A) — > H T (A). It is easy 
to check that this natural map respects compositions. 
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3. The Object Q' 



3.1. Global sections 

Lemma 3.1. Each Q'[n] is naturally a C°° -module over M , as a sheaf of vector spaces. 

Proof: We have ^[n^ = {Q x )[n] : which is clearly a module over C fi x with respect 
to the commutative associative product o_i. □ 

The preceding lemma is false for the sheaf Q. The reason is that if /, g are functions, 
then : /(: g/3 :) :^: (fg)/3 : in general. 

Lemma 3.2. Q' is locally free. In fact, if U is a coordinate open set, then Q'(U) is 
generated by fi(£7) as a vertex algebra. In particular, each weighted piece of the sheaf Q! 
is a vector bundle of finite rank. 

Proof: Obviously (Q(U)) C Q'(U). From the construction of the MSV sheaf <2, it is clear 
that each a G = Q' x can be represented in local coordinates near x as an element 

of C[<9 fc+ V , d k c l \i = 1, n; k = 0, 1, ...] <g> C°°(U) = (£l(U)). Thus we have the reverse 
inclusion Q'(U) C (Q(U)). 

Finally, for a given weight, there are only a finite number of weight homogeneous 
monomials in the variables <9 fc+1 7 l , d k c l , and this number is the same on every small open 
set U . This shows that each weighted piece of the sheaf Q' is locally free of finite rank. □ 

Let T be a sheaf of vector spaces on M, U an open subset in M, and a G ^(U). Let 
V be the largest open subset V C U such that a\V = 0. The support of a is defined as 
the closure of U\V in M and is denoted by supp a. If supp a C U ', then there is a unique 
extension of a to a global section a G !F{M) with the same support as a. We call a the 
global extension of a by zero. If /C C J-(JJ) is the subspace of elements a with supp a C U, 
then the image of the extension map K, — > F{M), a i— > a, is precisely the subspace in F{M) 
consisting of elements with support in U. 
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Suppose T is a C^-module. A family of global sections a a G JF(M) is said to be 
locally finite if for every x G M, there is a neighborhood U x 3 x such that a a \U x = for 
all but finitely many a. In this case ^ a a a is well-defined. It is the unique global section 
a such that a\U x = ^2 a (a a \U x ) . It is independent of the choice of the U x . Let U a be open 
sets forming a locally finite cover of M. Let p a be a partition of unity subordinate to that 
cover. Then given a G JF(M), the family p a a is locally finite, and J2 a Pa a = a - 

Assuming, still, that T is a C°°-module on M, then given an open set U, if a G .F(i7) 
and if p G C°°(M) with swpp p C U, then (p|£/")a G ^(f/) has support in £7. We denote 
by pa its global extension by zero. 

Lemma 3.3. Given an open set U , let /C be the subspace of Q'(U) consisting of elements 
with support in U . Then /C is an ideal in Q'(U), and extension by zero JC — > Q'(M) 
preserves all circle products and d. 

Proof: Since the restriction maps for the sheaf Q' are vertex algebra homomorphisms, the 
ideal property of Kjj is clear. Let J be the subspace of Q'(M) consisting of elements 
with support in U. Now the extension map /C — > Q'(U) is a linear isomorphism onto 
J, with inverse given by the restriction map, i.e. a \— > a ^ a\U = a. In particular for 
a, b G /C, a o p b\U = ao p b. But since the restriction maps of the sheaf Q' are vertex algebra 
homomorphisms, we also have (a o p b) \U = ao p b. Since ao p b and a o p b both lie in J , and 
they have the same image under the restriction J — > /C, they must be equal. This shows 
that extension by zero preserves all circle products. 

Note that da = a o_ 2 1, and the proof that extension by zero preserves d is similar. 

□ 

Lemma 3.4. Let U C M be a coordinate open set with coordinates Y and c 1 = d"f l . If 
f G C°°(U) has supp f C U, then each fd k <y\ fd k c l lies m (O(M)). 

Proof: We will use induction to show that fd k "f l lies in A = (O(M)); for fd k c l the proof is 
similar. The case k = is trivial. Suppose fd k Y G A for all / G C°°(U) with supp f C U. 
Note that all the derivatives of such an / have supports in U. We have that 

<9(/<9V ) = dfd k Y + fd k+1 Y 
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lies in A. Choose a function g : U — > R with g|F = 1 and supp g <Z U, where F = 
supp df C U. Since the extensions of df 7 gd k Y lie in A, and dfd k Y = df gd k Y, it 
follows that the extension of fd k+1/ y l also lies in A. □ 

Theorem 3.5. Q(M) generates Q'(M) as a vertex algebra. 

Proof: The idea is this: if Q(M) is to generate Q'(M), it had better generate all those 
elements in Q'(M) obtained by extending local sections by zero using bump functions. On 
the other hand, every global section is a sum of these extensions, by partition of unity. 
Now the proof. 

One inclusion (O(M)) C Q'(M) is obvious. Let a G Q'(M) be a homogeneous element 
of weight m. Let {U a } be a locally finite cover of coordinate open sets of M. Let p a be 
the partition of unity with supp p a C U a . We have a = J2 a p a a. Since Q'[m] is a sheaf, 
this possibly infinite sum makes sense. It suffices to show that each p a a G (O(M)). 

Note that supp p a a C U a . Thus it suffices to show that for any coordinate open set 
U and any vertex operator a G Q'(M) with supp a C U, we have a G (O(M)). We can 
write a\U as a sum of monomials in local coordinates with coefficients in C°°(U). That 
supp a C U means that all the coefficient functions appearing in a\U have supports in U. 
Since a\U = a, to show that a G (O(M)), it suffices to show that for each monomial A in 
C[d k+1 y,d k c l \i = l,..,n; = 0,1,...], and each function p G C°°{U) with F = supp p C 
£7, we have pA G (O(M)). 

Let / : U — > R be a smooth function with /|F = 1 and swpp f G U. Then fp = p. 
Thus if we modify the monomial A by replacing each <9 fc+1 7 l , <9 fc c* by fd k+1 "f l ,fd k c l , 
respectively, we get a vertex operator £? G (O(M)) such that = pA. But each extension 
fd k+1/ y\ fd k c l lies in (fi(M)), by the preceding lemma. It follows that pA = pB G (0(M )). 
This completes the proof. □ 

5.^. Functoriality of Q! 

Theorem 3.6. T/ie assignment M \— > Q' M zs functorial in the sense that any smooth map 
ip : M — > A 7 " induces a homomorphism of sheaves of DVAs, <p' : Q' N — > (p*Q' M over N . 
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Moreover, if M^N^P are smooth maps, then the map Q P ^-% {ip o (p)*Q! M coincides 
with the composition of Q' P ^ip*Q' N ^ ip*(p*Q' M - 



Proof: When no confusion arises, we shall drop the subscript from Q' M - It will be clear 
that when U is an open set of M, the section space Q'(U) will, of course, refer to that of 
the sheaf Q' M . 

Recall that for any coordinate open set U of M, Q'(U) is the abelian vertex subalgebra 
generated by Q(U) in Q(U). Let ip : M — > N be a smooth map of manifolds. Let 
U,V be two coordinate open sets in M, iV, respectively. If U C ip~ x V then we define 
<p' ■ Q'(V) — > Q'(U) by extending the classical pullback (p* : Q(V) — > Q(U) as follows. 
By construction of Q(U) (see section 2.4 of [8]), we find that the relations in Q'(U) are 
precisely 

l(z) = id, (ab)(z) = : a(z)b(z) : , Va,beQ(U), d 9 = Vg e C°°(U), 

where 7 : ?7 — > R m is any coordinate chart on U. Likewise for the algebra Q'(V). This 
shows that there is a unique extension cp' : Q'(V) — > Q'(U) such that <p'\Q(V) = <p*, and 
d[(p'(y)] = <p'(dy) for all y e Q'(V^). Note that we have the convention Q'(0) = 0. 

The differential tig : Q' — > <2' is characterized by the property that it is a derivation 
of the circle products (in particular commutes with d) such that (Iq\CI(U) is the de Rham 
differential. Since <p* commutes with de Rham and ip' commutes with d, it follows that cp' 
commutes with <ig. 

If Ui,U 2 C ip~ x V are two coordinate open sets in M, then it is easy to check that 
the induced maps above are compatible with restrictions in M, i.e. they fit into the 
commutative diagram 

/ I 

Q'{V) -> Q'(U 1 nU 2 ) (3.1) 

\ T 
Q'(U 2 ) 

the vertical arrows being restriction maps. This shows that the induced maps Q'(V) — > 
Q'(U), where U ranges over all coordinate open subsets of tp~ x V , patch together to form 
a map ip' : Q'(V) -> Q'i^V) = (<p*Q')(V). Likewise, if V 1 ,V 2 D <p(U) are coordinate 



15 



16 B.H. Lian, A.R. Linshaw & B. Song 

open sets in N, then the induced maps are compatible with restrictions in N, and they fit 
into the commutative diagram 

Q'(Vi) 
I \ 

Q'(ymv 2 ) -> q'(c^) (3.2) 

T / 

This shows that we have a well-defined homomorphism ip' : — > <^*Q' M or * sheaves of 
DVAs over AT. 

To check that the induced homomorphisms ip', ift' respect compositions, it suffices to 
do it locally. That is, if U, V, W are coordinate open sets in M, N, P, respectively such 
that <p(U) C V, ip(V) C W, then the composition of the maps 

Q'{W) -> Q'(V) -> Q'(tf) 

induced locally by ^, y?, respectively, agrees with the map Q'iW) — > Q'(U) induced locally 
by -0 ° <P- But this follows immediately from three facts: (1) the classical pullbacks 

ftp ^— » VkV+^Mj Qp^tp^N, Otv^^+^M 

have this composition property; (2) the induced maps <//, ^' are vertex algebra homomor- 
phisms; (3) the local sections spaces Q'{U), Q'iV), Q'iW) are vertex algebras generated by 
the subspaces Vt{U), f2(V), CL(W), respectively. The details are tedious but straightforward 
and are left to the reader. □ 

Let M,N he G manifolds. For h G G, let /iM,^iv be the corresponding diffeomor- 
phisms on M, AT, respectively. Let </? : M — > A" be a G equivariant map. Then 

y ° = ^at ° <fi '■ M — > AT. 

By the preceding theorem, we have 

(<P*ti M ) o(p' = (<po h M )' = (h N o y?)' = (h N *cp') o fo^. 

Hence we have a commutative diagram of sheaves over A" 

<p' T T ^7v*y' 
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Thus on global sections over N, we have the commutative diagram 



Q'm(M) 
Q'n(N) 




Q'm(M) 
Q'n(N) 




which shows that the DVA homomorphism ip' is G equivariant. In the next section, we 
shall see that this map is in fact a homomorphism of sg[t] algebras. 

3.3. Chiral horizontal and basic conditions are local 



Lemma 3.7. Let V be a subsheaf of a sheaf of vertex algebras V, and r a global section of 
V. For every open set U , let V T (U) = Com{r\U,V{U)). Then V T defines a subsheaf of V . 

Proof: The space V T (U) consists of elements a E V(U) which commute with r\U. Thus 
it is a vertex subalgebra of V{U). It is enough to show that this commutant condition 
is local, i.e. two vertex operators a, b E V(U) commute iff for every x E U, there is a 
neighborhood V 3 x in U such that a\V, b\V commute. Recall that two vertex operators 
a, b commute iff a o p b = for all p > 0. Since restrictions to open subsets are vertex 
algebra homomorphisms, i.e. they preserve circle products, it follows that a, b commute iff 
a\V, a\V commute for every open subset V C U. This shows that the commutant condition 
is local. □ 

Corollary 3.8. Let V be a subsheaf of vertex algebras of Q = Qm which is stable under 
the sg[t] action. Then U hh> V(U)hor and U i— > V(U)b as define two subsheaves of vertex 
algebras ofV. 

Proof: The chiral horizontal and chiral basic conditions are both commutant conditions 
defined by global sections L^, E Q(M), £ E Q. □ 
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3-4- Principle G Bundles 



Throughout this subsection, let M be a principal G bundle. We denote by 

p:M -> M/G 

the natural projection. Think of p as a G equivariant map, where G acts trivially on 
M/G. So we have a sheaf homomorphism of sg[t] algebras p' : Q' M / G — * P*Q'mi by the 
functor iality of Q'. 

Lemma 3.9. p'Q' M/G C (p*Q' M )& as = P*(2m)&<j S - 

Proof: Since p' is a chiral basic homomorphism, we have p' (Q' M / G )bas C (p*Q' M )bas- But 
we have (Q' M/ / G )6as = Q'm/g because G acts trivially on M/G, and 

(QmWp" 1 ^) = QW(p _1 ^)ba S 

for any open set U in M/G because the chiral basic condition is local. This completes the 
proof. □ 

Theorem 3.10. p' : Q' m /g ^P*(2m)&«s ^ s a sheaf isomorphism. 

Restricting this isomorphism to weight zero, we recover the well-known fact that 
^m/g — P*(P<M)bas- Thus this theorem is a vertex algebra analogue of the classical 
theorem. 

Since this is a local question, it suffices to show that for every small open set U C M/ G, 
p' : Q'(U) -> Q'(p _1 ?7)6as is an isomorphism. For small U C M/G, we havep -1 ^ = UxG. 
Under this identification, p : U x G — > U is just the projection map. So we can regard 
p' ■ 0!{U) — > Q'(p _1 ?7)6as asp' : Q'(?7) — > Q'((7xG)6 fflS , which is induced by the projection 
map U xG ^ U. Let j : [/ — > U x G, x i— > (x, e). This is not G equivariant. But it induces 
j' : Q'(U xG) — > Q'(U), which we can restrict to the basic subalgebra Q'(U x G)b as . Note 
that p o j = idjj . By functoriality, j' op' = idQ^uy So we have 
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By Theorem 3.5, for a small open set U C M/G (G compact), we have 

Q'(U) = (c\ C°°(U)}, Q'(U x G) = (c\ %, C°°(£/ x G)) 

where c* are the coordinate 1-forms on U, and the 6^ are the pullbacks of the connection 
forms on G. Since the Fourier modes 9^{—p — 1), t^ip), p > 0, generate a copy of Clifford 
algebra acting on the space Q'(U x G), it follows that 

&(UxG) hor = {c i ,C 00 (UxG)). 

More generally, for any open set 7 C G, we have 

Q'(tf x V) hor = (c\ C°°(U x V)). (3.3) 

Let's consider the case when G = T is abelian first. 

Lemma 3.12. p' : Q'(U) -> Q'(i7 x T) 6as zs surjective. 

Proof: Let 7*, z = 1, . . . , n, be coordinates on U. Put T = R m /Z m . For j = n + 1, . . . , n + 
m, let 7 J be the flat coordinates of T, and let £j be the standard basis of t = R m . Then 
= which are global vector fields. It follows that = [3 J . Note that while the 7 J 
are local coordinates on T, the d k ^ , > 1, are all global sections because the transition 
functions for our coordinates are 7 J 1— > 7^ + 1, as in the case of a circle. This shows that 

Q'(UxT) hor = C[d k c\d k+1 ^\d k+1 ^ 3 \i = l,..,n; j = n+1, .., n+m; fc = 0, 1, ...]®C°°(t/xT) 

By the Heisenberg relations ft (z)^ l (w) ~ — w) _1 , it follows that 

Q'(tf x T) 6as = C[d k c\ d k+1 ^\i = 1, n; fc = 0, 1, ...] <g> C°°(L/) 

where C 00 (L r ) consists of functions pulled back from U by the projection map U xT — > t/. 
It is now clear that the map p' in this case is surjective. □ 

We now consider the surjectivity question of p' in the nonabelian case. For ( 6 5, 
the corresponding vector field X^ on G is locally of the form X% = f^j-^j, where 7 J are 
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local coordinates on G. If & form a basis of q, then the coefficient functions f^j form an 
invertible matrix. We denote the inverse matrix by . 

Lemma 3.13. Define the local operators ft =: gj^.L^. :. Then for h G C°°(U x G), 

& (z)h{w) ~ (z-w)- 1 . 

In particular, for a coordinate open set V C G, we have fto p = fto p , for p > 0, acting on 
Q'(U x V)hor- Here the ft , j = 1, ..,m, correspond to the coordinate functions ft on V . 

Proof: The OPE calculation is straightforward. The second assertion follows from (3.3). 
□ 

Lemma 3.14. Let a G Q'(U x G% or . Then ft o p a = for all j and p > holds on every 
coordinate open set U x V iff a G Q'(U), i.e. a G Im p' . 

Proof: Applying the preceding lemma locally on U x V with h = ft , we see that fto p 
acts by dy j^ p _ 1 ^ on functions. From the description of the horizontal subalgebra given 
above, it follows that those horizontal elements a satisfying ft o p a = for all j and p > 
are exactly those with no dependence on all 7 J (— p — 1) locally. But those are exactly the 
elements of Q'(U). □ 

Proof of Theorem 3.10: We have reduced it to a local question and have shown that 
p' '■ Q'(U) — > Q'(U x G)bas is injective for small open sets U C M/G. To prove that this 
is surjective, suppose a G Q!(U x G)hor is a chiral basic element, i.e. o p a = 0, p > 0, 
i.e. commutes with a in Q{U x G). In particular, this holds on every coordinate open 
set U x V. Since a also commutes with functions, it commutes with the Wick products 
: g^L^ : = ft in Q(U x V). By the preceding lemma, a\(U x V) lies in the image of p' . 
This completes the proof. □ 

4. The Chiral Characteristic Class kg(L) 

Given an sg [t] algebra (A* ft ft), we wish to find a condition under which the chiral 
Chern-Weil map kg '■ Hg(C) — > HftA) kills all positive weight elements. Likewise for the 
chiral principal map tig '■ Hbas(A) — > Hg(A). Then, we apply it to the case A = Q'(M) 
for a G manifold M. We shall first establish the functoriality of He for G manifolds. 
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Lemma 4.1. Let A, B be subalgebras of DVAs A', B' , respectively. Suppose A' is equipped 
with an 0(sg) structure (£,77) 1— > + , and likewise for B' . If o n A C A and 
o n B C B for all n > 0, £ G 0, and if f : A ^ B is a DVA homomorphism such that 
f(i^o n a) = t^o n f(a), then A, B are sg[t] algebras such that f andidyy®f are both chiral 
basic homomorphisms . 

Proof: Let dj± denote the differential on A'. Then d^f = L^, so that o n A C A. It 
follows that A inherits an sg[t] structure from the 0(sq) structure of A' D A. Likewise for 
B. Applying dj3, the differential on £>', to 



and using the identity djsf(x) = f(d^x), we find that f(L^o n a) = L®o n f(a). This shows 
that / is an sg[t] algebra homomorphism. It follows that 



implying that / is chiral basic. 

From the identities (4.1), it follows that 

(id w <g> f)[(b^ 1 + 1 <g> tf) o n x ] = <g> 1 + 1 <g> <| ) o n [(id w <g> f)(x)]. 

Now W <g> -4' D W <S> A has an 0(sg) structure defined by (£, 77) i-> (0^ <g> 1 + 1 <g> L^) + 
(6^ ® 1 + 1 <E> t^); likewise for W ® B' . So we can apply the result above to the map 
idyj ®f:W®A^W®B, and see that this is again a chiral basic homomorphism of 
sg[t] algebras. □ 

Lemma 4.2. Let a, 6, c 6e pairwise circle commuting homogeneous vertex operators. Then 
for m,nGZ, we have 



f{if o n a) = tf o n /(a), 



(4.1) 



/(4») = /(^ [tl )cB , 'W=fi h 



a o 



m 




n—p 



C. 
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Proof: Let A be the vertex algebra generated by a, 6, a Let A — > <30(„4), tiH«, denote 
the left regular module action. Then by Lemma 2.6 of [8], 



P >o v 7 

Applying both sides to c yields the desired identity. □ 

Lemma 4.3. Suppose that f : A — > £> is a £>P^4 homomorphism, and that S C A generates 
A as a vertex algebra. Let u, v be vertex operators which circle commute with (but do not 
necessarily lie in) A and B, respectively, such that 



for a G S. Then (4-2) holds for all a G A. 

Proof: By induction, it suffices to show that if (4.2) holds for a = x and y, then it holds 
for a = x o p y. This follows easily from the preceding lemma. □ 

Let ip : M — > N be an equivariant map of G manifolds. We wish to study the 
induced DVA homomorphism cp' : Q'(N) — > Q'(M) given by Theorem 3.6. Denote by 
(£,77) i-> Lf + and ^ + l% the 0(sg) structures on Q(M), Q(A) respectively [8]. 
Recall that = (Iqi™ , = dQi^ . By construction, ip' restricted to classical forms 
ft(N) — > O(M) is just the pullback map, and the operator 6^o on forms is just the 
interior multiplication by the vector field x^ 1 generated by £ G g on M. Likewise for N. In 
particular, we can characterize the sg[t] structure locally on the subalgebra Q'(U) C Q{U), 
generated by f2(f7), by the property 




uo n aeA, f(uo n a) = v o n f(a), Vn > 0, 



(4.2) 



t,£ o n uj = d Uj Q to, n > 0, u) G Q(U). 



Note that since G Q(U) is a vertex operator, we have 



d(t,£ o n a) 



n i£ o n _ 1 a + L£ o n da 



for all a G Q'(U). 
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If a G O fc+1 (iV), then for xi, .., Xk G T m M : we have 



[<^'(if o a)](xi, .., x fc ) = a(xf , (p+xu .., (/J^fc) 

= a((p*xf jiptX!, ..,<p*x k ), x\ 
= Vf °o <p'(a)](x 1 , ..,x fc ). 



= at p(m) G AT 



It follows that </?'(^ o a) = tf o <//(a). Since a G f2(iV) has weight zero, this equation 
holds if we replace o by o n , for any n > 0, because both sides would then be zero. 
Applying the preceding lemma to the case / = (p', A = Q'(N), B = Q'(M), u = if , 
v = l?, S = tt(N), we conclude that 



for all a G Q'(N), £ G g. Now apply Lemma 4.1 to the case f = <p', A = Q'(N), 
A' = Q(N), B = Q'(M), B' = Q(M). We have 



Theorem 4.4. tp' : Q'(N) -> Q'(M) andl®^' : W(fl)®Q'(Ar) -»• W(fl)<g)Q'(M) are chiral 
basic homomorphisms of sg[t] algebras. In particular, the assignment M \— > Hg(Q'(M)) 
zs functorial on the category of G manifolds. 

4-2. Vanishing theorem and half 0(sg) TVA 

Recall that for each c G C, there exists a vertex algebra V(c) with a single generator 
L such that 



and that it has the following universal property: if B is a vertex algebra containing an 
element V with the same OPE, then there exists a (unique) vertex algebra homomorphism 
V(c) — > £> such that L \— > Z/. We shall usually denote L' simply as L. 

Definition 4.5. Let A be a weight graded vertex algebra. We say that A has an (outer) 
Virasoro structure of central charge c if there exists a vertex algebra A' D A and an element 
L G A' satisfying (4-3), such that L o p A C A for all p > 0. If, furthermore, L e A, then 



ifo n ae Q'(N), <p'(l£ o n a) = if o n ^( a ), Vn > 0, 




-l 



(4.3) 
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we call L an inner Virasoro structure of A. If, in addition to this, we have Lo = d and 
L oi \ A[n] = n, then we call L a conformal structure of A. 

Lemma 4.6. Let L be an inner Virasoro structure of a vertex algebra A' and A C A' is 
a subalgebra generated by a set S . If 

Lo p ad S, p>0, (4.4) 

for all a G S , then L is a Virasoro structure of A. 

Proof: We want to show that (4.4) holds for all a £ A. It suffices to show that if it holds 
for a = x,y, then it holds for all a = x o p y. Again, this follows from Lemma 4.2. □ 

Example 4.7. (3^ system revisited. 

Recall that (Examples 2.15 and 2.19 of [8]) we have a vertex algebra A' with two even 
generators /?, 7 and relations 

P(z) r y(w) ~ (z — iu) _1 , (3{z)(3{w) ~ 0, 7(2)7(11;) ~ 0. 

It has a conformal structure given by L =: f3d^ : with central charge 1, which is not 
contained in the subalgebra A = (7) generated by 7. But since L(z) r y(w) ~ d r y(w)(z— w) -1 , 
L is a Virasoro structure of A which is not inner. 

Theorem 4.8. Let (A',d) be a DVA equipped with an 0(sq) structure, (£,?y) 1— > L^ + i v , 
and let A be an sg[t] subalgebra of A' . 

1. If A has no negative weight elements, then *4.[0] is a G* algebra with product o_ 1; and 
H bas (A)[0]=H bas (AM)- 

2. If A' has an inner Virasoro structure L such that the L^, are primary of weight 1 
and if L o p A <Z A for p >0, then L o p Abas C Abas for p > 0. 
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3. If, furthermore, L is a conformal structure of A' which is d closed, then Lo p operates 
on Hbas(A) for p > 0, and we have Lo = d, Lo 1 = n on Hbas(A)[n}. 

4- If, in addition to the assumptions above, there exists a chiral horizontal element g G A' 
such that L — dg and g o p A C A for p > 0, then g o p Abas C Abas for p > 0, and we 
have Hbas(A)[n] = for n > 0. 



Proof: For part 1, that ^4[0] is a (super) commutative associative algebra with product 
o_! follows from Lemma 2.9 of [8]. Moreover, L^o n ,^o n kill ^4[0] for all n > 0. Since 
the L^oq, t£o act on ^4[0] by derivations, they define a G* structure on ^4[0] such that the 
classical basic complex ^4[0]& as coincides with the weight zero subpace of the chiral basic 
complex Abas- In particular, we have Hb as (^)[0] = Hb as (A[0]). 

Part 2 is an immediate consequence of Lemma 5.19 of [8]. 

Part 3 follows from part 2 and the fact that L is a conformal structure of A'. 

Consider part 4. Applying d to o p g = 0, p > 0, we get 



The last equality holds because is primary of weight 1 with respect to L. This shows 
that go q preserves Abas for q > 0. If a G ^4& as [n] is d closed, then L o\ a = na = d(g o l a). 
Since g o x a is basic, this shows that if n > 0, then a is d exact in Abas- This proves part 



Note that the obstruction for go n above to act on cohomology Hb as (A) is precisely 
Lo n because dg = L. But if the Lo n act trivially, then the theorem shows that there would 
be nothing of positive weight in cohomology, and the theory is essentially classical. 

Many of our results are about the class of algebras satisfying the assumptions in 
Theorem 4.8, so it makes sense to name these algebras. 




4. □ 
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Definition 4.9. An 0(sg) topological vertex algebra (TVA) is a differential vertex algebra 
(A, d) equipped with an 0(sg) structure (£, rj) i— > + l v , a chiral horizontal homogeneous 
element g, such that L = dg is a conformal structure, with respect to which the l v are 
primary of weight one. We call g a chiral contracting homotopy of A. Given an 0(sg) 
TVA (A, d), a differential vertex subalgebra B is called a half 0(sg) TVA if the nonnegative 
Fourier modes of the vertex operators l% and g preserve B. We shall always assume that 
the weights in A are nonnegative. 

Note that in the preceding definition of a half O(sq) TVA £>, the nonnegative Fourier 
modes of = dt^ and L = dg automatically preserve B. We shall often abuse the 
language, and call g and L, respectively, a chiral contracting homotopy and a conformal 
structure of £>, even though neither element necessarily lies in B. 

Lemma 4.10. Let A be an 0(sg) TVA with chiral contracting homotopy g. Then g and 
L = dg are G invariant. 

Proof: Since the are primary of weight one, so are the L^. It follows that the Fourier 
modes 1^(0), ^(0) commute with L. In particular, L is G invariant. Since a chiral con- 
tracting homotopy g is assumed to be chiral horizontal, we have 

= [d, [i c (0),</]] = [Le(0),g] - [t € (0),L] = [Ls(0),g]. 

This shows that g is G invariant as well. □ 

Example 4.11. Q(M) and Q'(M). 

The algebra (Q(M),<ig) is a DVA equipped with a conformal structure L s and a 
chiral contracting homotopy g Q such that <ig<7 S = L s . When M is a G manifold, then 
Q(M) becomes an 0(sq) TVA because g Q is chiral horizontal. In this case, the subalge- 
bras Q(M), Q'(M) C Q(M) are half O(sg) TVAs. Since Q(M)[0] = Q'(M)[0] = O(M), 
Theorem 4.8 yields 

a bas (Q(M)) = n bas (Q'(M)) = H bas (n(M)). 
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That is, the chiral basic cohomology of both algebras Q(M) 7 Q'(M) coincide with the 
classical basic cohomology of O(M). 

Example 4.12. Semi-infinite Weil algebra W($j). 

This algebra has a conformal structure L w (denoted by cuyy in Lemma 5.4 of [8]), 
and an element g w (denoted by h in Lemma 5.13 of [8]) such that L w = dy^g w . But 
g w fails to be chiral horizontal because b^(z)g w (w) ~ (3^{w){z — w)~ 2 . Thus it satisfies 
all the assumptions up to parts 1-3 of Theorem 4.8, but not all of 4, hence it fails to 
be a (half) 0{sq) TVA. In fact, Hb as (W) = Hg(C) always contains nonzero elements of 
positive weights, as shown in [8]. This is precisely what makes the chiral Chern-Weil map 
kq '■ Hg(C) — > Hg(A) of an sg[t] algebra A interesting! 

Lemma 4.13. Let A be a vertex algebra and a G A. If da = 0, then a commutes with all 
of A. 

Proof: Let b G A. To see that a, b commute, it suffices to show that in the left regular 
module we have a o p b = for p > 0. Now the image of this vertex operator under the 
creation map A — > A, c i— > c, is d(p)b. But da = means that the Fourier modes a{p) = 
for all p 7^ —1. In particular a(p)b = for p > 0, hence a o p b = 0. □ 

Corollary 4.14. If A is a half O(sg) TVA, and if a class x G Hg(A) is in the image 
of the chiral principal map ttq '■ Hbas(A) — > Hg(A), then dx = 0. In fact, any class 
x G Hg(A) of the form x = [1 <S> a] of positive weight is zero. Thus TTQ^basiA) commutes 
with all ofUciA) in this case. 

Proof: Such classes are exactly those in the image of the chiral principal map. But H foas („4) 
has no positive weight elements by Theorem 4.8. The last assertion follows from the 
preceding lemma. □ 
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Corollary 4.15. If M is a principal G bundle, then the vertex subalgebra generated by the 
weight zero elements in VL G (Q(M)) or ¥L G (Q'(M)) is the commutative algebra H(M/G) 
with no positive weights. 

Proof: For A = Q(M) or Q'(M), the algebra W <8> A has no negative weight elements, so 
that by Theorem 4.8, 

U G (A)[0] = H G (A[0}) = H G (Q(M)) = H(M/G). 

On the other hand this coincides with Tv G Hi, as (Q(M)) = TTQ~H}, as (A), which is of course a 
vertex algebra. This shows that the vertex algebra generated by Hg(.4.)[0] in Hg(.4.) is 
just H(M/G). □ 

Later, this result will be refined to show that for arbitrary G whose action on M is 
locally free, H G (Q(M)), H g (Q'(M)) have no positive weight elements at all. 

Theorem 4.16. Suppose that A is a half 0{sq) TVA and that G is simple. Then H G (A) = 
H G (A{0]) iffK G (L) = 0. 

Proof: By Theorem 4.8, part 1, 

H G (^)[0] = n bas (W®A)[0] =H bas (W®A[0]) = H G (A[0]). 

In particular, since k g (L) has weight two, the only-if part of our assertion follows. Now 
suppose L <S> 1 G (W <S> A)b as represents the zero class in H G (A) : i.e. it is equal to —dx for 
some x G (W <g> A)b as where d = dyy + dj,. Recall that (see the proof of Theorem 7.16 of 
[8]) L = d w (e|j&fc +ft i dc* i ). This implies that 

a = (e|*6 €i + (3^dc u ) <S> 1 + x 

is d closed. Since x is basic and ® 1 is obviously horizontal, i.e. killed by <8> 1 + 

1 ® i£)o n for all n > 0, it follows that f3^dc^ ® 1 — a is horizontal. So, 

h = fi&dc^ ®l-a+l®/ 

is also horizontal. In particular hoi acts in W <E> A preserving horizontal elements. We 
have dh = d w ((3^dc^) <g> 1 + 1 <g> d A g A = L w <g> 1 + 1 ® L A . It follows that 

[d, hot] \(W®A) [n] = -n id. 
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d(ho 1 y) = -ny. 

For n > 0, this says that dz = y for some horizontal element z. But this implies that z is 
also basic. Hence y represents the zero class in Hg(A). □ 

Theorem 4.17. If A is a half 0(sq) TVA and if G is semisimple, then 

K G (L)o n = (L w ® l + l®L A )o n , n>0. 
In particular, kg(L) is a conformal structure on the vertex algebra Hg(A). 

Proof: Apply Theorem 4.8 with the structure W<S>A C W<S>A' 3 L w ® 1 + 1 <S>L A , playing 
the respective roles of A C A' 3 L there. Then (L w 1 + 1® L- 4 )o n , n > 0, operate on 
Hg(A). The second assertion now follows from the first assertion. 

Put L = L w ® 1 + 1 <g> L A , d = dw + d A . In the proof of Theorem 7.16 of [8] (which 
considers the case of simple G, but which generalizes readily to semisimple G with minor 
changes), we have 

L = d w (e| 4 6 €i + P^dc^) = d w (®s b ^) + L ™- 

Since L A = d^g A : this shows that 

k g (L) -L = dh, h = ® 1 - 1 (8) g A . 

Note that h is chiral horizontal. Suppose a E (W <8> A)b as is d closed. Then for n > 

[kg?(L) — L] o n a = (dh) o n a = d(h o n a). 

Since the left side is chiral horizontal, and h o n a is horizontal, it follows that h o n a is also 
basic. So the left side is d exact in (W ® -4)b as - □ 

Taking ^4 = C, we have 
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Corollary 4.18. Hg(C) equipped with L is a conformal vertex algebra. 



The theorem actually holds in slightly greater generality. We do not need to assume 
that the weights on A are nonnegative (this being part of the definition of a half O(sg) 
TVA), since the proof never uses the positivity of the weight structure. 

The theorem can fail if the center of G has positive dimension. For then kg(L) u 
will act trivially on a = 7^7^ <g> 1 where the index i here is summed over an ortho normal 
basis & of the center of g. Thus if a represents a nonzero class, then «g(L) cannot be a 
conformal structure in cohomology in this case. 

As a corollary, the theorem also gives another proof of Theorem 4.16, since any vertex 
algebra with a zero conformal structure L = is necessarily a commutative algebra with 
only weight zero elements, because Lo x must then act by zero. Here is another immediate 
consequence. 

Corollary 4.19. For any G manifold M , G semisimple, Hg(Q'(M)) = Hg{M) = 
H G (Q(M)) iffK G (L) = 0. 

Theorem 4.20. If M contains a G fixed point, then the chiral Chern-Weil map 
kg '■ Hg(C) — > Hg(Q'(M)) is infective. If, moreover, G is semisimple, then the chi- 
ral equivariant cohomology is a vertex algebra with a nontrivial conformal structure. 

Proof: By Theorem 3.6, Q! is a contravariant functor from G manifolds to sg[t] algebras. 
Since M has a fixed point pt, we have equivariant maps pt — > M — > pt. They induce sg[t] 
algebra homomorphisms C — > Q'(M) — > C, whose composition is the identity. So we have 
the maps 

H G (C) - Hg(Q'(M)) - H G (C). 

Since the composition is the identity, it follows that the first map, which is kg, is injective. 
□ 

Remark 4.21. The proof points to an interesting and much more general fact: any sg[t] 
algebra A that admits C as a quotient necessarily has a G chiral equivariant cohomology 
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Ha (A) that contains a copy o/Hg(C) via the chiral Chern-Weil map. In particular, if 
T is any functor from the category of G spaces to the category of sg[t] algebras such that 
J-{pt) = C, then Hg(JF(M)) necessarily contains a copy of Hg(C) whenever M has a 
fixed point. The preceding theorem is the special T = Q! . 

4-3. Chiral equivariant cohomology of Q(M) 

In this subsection, we give some examples of this cohomology. 

Let / : A — > B be an sg[t] algebra homomorphism. Then we have an induced vertex 
algebra homomorphism on cohomology 

/ : H G (A) - H G (B). 

In particular, any "characteristic" classes that die in Hq(A) will also die in Hg(6). For 
example, we know the chiral Chern-Weil map kg is natural, so that the chiral Chern-Weil 
map into Hg(8) must factor through that into Hg(A). Thus if G is semisimple and if 
the class kg(L) dies in Hg(A), then it must also die in Hq(B). By the same token, any 
characteristic class that survives in Hg(6) must also survive in Hq(A). Thus the natural 
factorization of the chiral Chern-Weil map sometimes allows us to detect the vanishing or 
nonvanishing of certain cohomology classes for one algebra or another. 

For any G manifold M, the inclusion map i : Q'(M) <— ► Q(M) is clearly an sg[t] 
algebra homomorphism. Thus we can apply the above in this geometric setting. Thus if 
G is semisimple and if «g(L) dies in Hg(Q'(M)), then it will die in Hg(Q(M)) as well. 
Examples of this include M = G/T where T is a torus subgroup of G, as we shall see later. 

There are, however, important examples where this factorization cannot detect the 
vanishing of classes in Hg(Q(M)). We now discuss one such example. We will consider 
linear representations of G, viewed as G manifolds. In particular, there is always at least 
one fixed point, the zero vector in such a representation V. Thus by Theorem 4.20, 
Hg(Q / (^ / )) always contain nontrivial classes with positive weights. 
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Theorem 4.22. Suppose G is semisimple. For any finite dimensional faithful represen- 
tation V of G, the cohomology Hq(Q(V)) contains no classes with positive weights. 

This is a precursor of a theorem about free actions on a manifold, which we shall 
consider in the next section. We now prepare for the proof. So, we assume that V is a 
faithful representation of G, which is semisimple. The following lemma is an essential idea 
that will reappear later. 

Associated to the representation p : g — > End V, there is a symmetric invariant 
bilinear form (£,77) = Tr (p(£) p(r])) on g. It is nondegenerate since V is faithful. For 
simplicity, we identify g = g* via (, ), and we fix an orthonormal basis & of g. As usual, we 
denote by (£, rj) 1— > + t v the O(sg) structure on a given O(sg) algebra A. The concrete 
example we have in mind is A = Q(V). 



Lemma 4.23. Suppose that (A,dX) is an 0(sg) algebra with no elements of negative 
weight and that there is a g module homomorphism g — > A[l], £ 1— > T^, such that for 
t,V,v£ 9, i 1 ) i>£ °i r v = 0, (2) ^ o (t v o T v ) = 0, and (3) L ? o x = (£, 77) hold. Then 

u = 13^ dc^ <8>l — da 

is chiral horizontal in W(g) <E> »4, where a = f3^ <E> T^. — fi&c^ ® t£ o r^., <i = dyy + rf^i- 
Proof: We have 

This has negative weight when p > 1, so it must be zero. It is also zero for p = 1,0 by 
assumptions (1) and (2). Thus a is chiral horizontal. 

Next, we have 

(6* + t € ) op u = ^ <g> 1 <y p>1 - (0^ + L € ) op a. (4.5) 

Here we have used the identity [d, 6 ? + ^] = ©^y + and the fact that the a is chiral 
horizontal. Since the transform in a (co) adjoint representation of G, a is clearly is 
G invariant. So (4.5) is zero for p = 0. For p > 1, (4.5) is also zero because it has 
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negative weight. So it remains to show that for p = 1, the second term on the right side 
of (4.5) cancels the first term ft <g) 1. We have 

(e^ + l 6 ) o ia = ft* <g> L i 0l r 6 . - ft'c^ <g> l ? 0l ^ . o r ?i 

where we have used the fact that O^y o 1 ft i c^ j = (no double contraction.) The first term 
on the right side becomes ft <g> 1 by assumption (3). Finally, we have 

l$ o 1 1£. o r ?i = o o 1 - (t ?j o l^) Oi r ?j 

= ^ °o (£,&)-%-,€] oi^. =0. 
So, (0^y + Z^) o 1 a = ft <g> 1. This completes the proof. □ 

Corollary 4.24. Under the assumptions of the preceding lemma, Hg(A) has no classes 
with positive weights. 

Proof: By the preceding lemma, a = Q^b^ ® 1 + u is also chiral horizontal in W(fl) ® A 
But we have 

da = d w (e^b^ + ft'dc^) <g> 1 = L <g> 1 

which we know is also chiral horizontal. It follows that a must be chiral invariant, implying 
that da = L<g) 1 = kg(L) is zero in Hg(A). By the corollary to Theorem 4.17, He (A) has 
no classes of positive weights. □ 

To prove Theorem 4.22, we shall construct a g module homomorphism g — > A = Q(V) 
with the property prescribed in the preceding lemma. First we work out explicitly the O(sg) 
structure induced on A by the G action on the manifold V. Fix a set of linear coordinates 
Y = corresponding to a basis Xj = of V. For £ e g, the vector field at the 
point v = 7*Xi is given by 

where £y is the matrix of G End V . (Note the sign difference between the G action 
on space V and its action on functions.) Since <ig = (/3V)(0), this shows that the O(sg) 
structure on A is given by 

^ = ' t,r ''>'■ h = dQLZ = -e«0 7 l /3 J : + : :) = - : pPM**>fi : + : b^ Xi c< : . 
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Note that, formally, coincides with O^y(^) gi ven i* 1 Lemma 2.16 of [8]. That is because 
L,£ here acts on the space Q(V) which happens to contain W(V) as a subalgebra. 

Proof of Theorem 4-22: For each simple summand f) in q, we define 

This defines a g module homomorphism g — > A[l]. By the preceding lemma, it suffices to 
check conditions (l)-(3) there. Condition (1) holds because the OPE of and T v has no 
double contraction. Condition (2) holds because l^oqT^ has the shape 76, which commutes 
with t£. Finally, for 77 G f), a simple summand in $j, we have 

L € 0l r„ = -(: :) 0l (: :) = (£,77). 

Thus condition (3) holds. □ 

Remark 4.25. The choice of the above is not unique. The choice : b p ^ Xi c x>i : would 
also work. 



5. Vanishing Theorem and Locally Free Actions 

We shall study the chiral equivariant cohomology of manifolds with a locally free G 
action. We begin by giving the chiral analogue of the classical notion of G* algebras with 
property C. The latter is an abstraction of the G* algebra O(M) when the G action on M 
is locally free, i.e. every isotropy group is finite. 

In this section all sg[t] algebras A are assumed to be contained in some O(sg) algebra 
A. As usual, we denote the 0(sq) structure by (£,77) 1— > + t v with = dt^. If A is, 
in addition, a half O(sg) TVA, then we denote its chiral contracting homotopy by g and 
conformal structure L = dg. When the role of A needs emphasis, we will use superscripts 
or subscripts such as g A ,d A . We shall further assume that the group G acts on A as a 
group of automorphisms in a way compatible with the half 0(sq) structure. Namely for 
h G G, a G A, the following relations hold (cf. p. 17 of [6]): 

^-exp(t£)\ t =o a = L$ o a, hL i = L Ad{h)i , hi i = i Ad{h)i , hodoh~ l = d. 
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Note that h o o h~ x = L,Ad{h)(,i an d likewise for i£. Note that the second relation is 
a consequence of the third and fourth ones. These relations will be needed in order to 
average over the group G. As in [6] , in order to make sense of differentiation along a curve 
in A, we can either assume an appropriate topology on A (e.g. Q(M)), or assume that A 
is G finite (e.g. W(g)), or impose the first condition on G finite elements a only. 

5.1. Chiral free algebras 

In [8], we introduced the notion of a W(fl) algebra, which is a chiral analogue of a G* 
algebra with property C [6]. We now introduce another version that better captures the 
geometric aspect of property C. 

Definition 5.1. An sg[t] algebra A is said to be chiral free if there is a linear map 
g* — > A [0], £' i— > , such that in the 0($g) algebra A' D A we have 

Le(z)e?(w) ~ (CO^-™) -1 ; L d z ) n'( w ) ~ 9 ad * {mi {w)(z - w)- 1 . 

We shall call 9^ the connection forms of A. If A is, in addition, a half O(sg) TVA with 
chiral contracting homotopy g, then we put 

r?=go 9^eA°[i]. 



Lemma 5.2. The G action on a manifold M is locally free, i.e. the stabilizer of each 
point is finite, iff the half 0($g) TVA Q'(M) is chiral free. 

Proof: Recall that the G action on M is locally free iff there exists a map g* — > 1 (M), 
£' i— > such that i£0£> = (£,£') i n ft(M). This is equivalent to the OPE relation 
t^(z)9^'(w) ~ (£,' ,0( z ~ w )~ 1 i n Q(M). By suitably averaging over G, we can assume that 
in this case the one forms transform in the coadjoint representation of G, so that = 
9 a d*(£)£' m 1 (M). This relation is equivalent to L^{z)9^>{w) ~ 9 a d^^)^{w){z — w) -1 in 
Q(M). □ 
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Remark 5.3. The preceding lemma holds for the O(sg) TVA Q(M) as well. 



Lemma 5.4. Let A be an sg[t] algebra which is G chiral free, and let (9) be the subalgebra 
generated by the 9^ in A. Then A is free as a {9) -module generated by Ahor- In other 
words, every a G A can be uniquely expressed as a = J^Pa^a where p a G C[9g{—p — l)\i = 
1, ..,n; p = 0, 1, ...] and the a a G Ahor form a given basis of Ahor- If in addition A is 
abelian, then A= (9) ® Ahor as vertex algebras. 

Proof: The second assertion is an immediate consequence of the first. Since l^(z)9^'(w) ~ 
(£) C')( z — w )~ 1 ^ we have 

k(p),M ? )] = <£,0<Wi- 

For p > 0, q < 0, these Fourier modes generate a Clifford algebra acting on A. Now the 
first assertion follows from a standard result from the theory of Clifford algebras. □ 

This lemma is analogous to a result for classical G* algebras (see Theorem 3.4.1 of 

[6]-) 

Corollary 5.5. If G = T is abelian and A is T chiral free, then Ai nv is free as a (9) 
module generated by Abas ■ If, in addition, A is abelian, then Ai nv = (9) ® Abas o,s vertex 
algebras. 

Proof: Since T is abelian, the L ? commute with the and the 9^ . Thus the same Clifford 
algebra above acts on Ai nv . So the same argument applies to this module. □ 

For simplicity, we identify g with g* using a G invariant form and let £j be an or- 
thonormal basis of g. 

Lemma 5.6. Suppose A is a half 0(sg) TVA which is chiral free as above. Then = 
g o 6>£ are chiral horizontal and we have 

L v °o T c = T[ Vi q, L v o x r ? = (r), £), 

t v °oTt: = 0, l v o 1 T^ = 0, l v oq dF^ = T[ V £], l v o 1 dT^ = (n, £). 
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Proof: By Lemma 4.10, g is G invariant. Since the connection forms 9% transform in the 
(co)adjoint representation, so do the This proves our first equality. 

Since l v o 1 9% = = t v d9^ because A is assumed to have no negative weights, and 
since g, i v commute (by definition of a half O(sg) TVA), we have 

L v o 1 = L v o 1 (g o 9$) = dtrj o 1 (g o 9$) = -i v o 1 d{g o 6> ? ) = -i v o 1 (L o € ). 

The last expression is equal to — o 1 89^ = l v o 9% = (r},£), proving our second equality. 

Our third and fourth equalities follow from the fact that g, i v commute and that 
g o (jf, £) = 0. Applying d to the third equality, we get L v o = l v o dT^, proving our 
fifth equality. Likewise, applying d to the fourth equality yields our sixth equality. □ 

5.2. Vanishing theorems 

Theorem 5.7. Suppose (A,dj) is a half 0(sg) TVA which is chiral free as above. Then 
kq (7^97^) = 0. 

Proof: We first explain the idea behind this. We already know that 

dwd&dc^ <g> 1) = 7^7^ <g> 1. 

So to trivialize the right side in Hq(A), we must add an element of W <S> A to -f^dc^ <S> 1, 
so as to make it G chiral basic. But the modified element a must have the same image 
under d. So whatever we add, it must be d closed. But every d closed element in W <8> A 
is d exact. So we seek a of the form a = 7^<9c^ <8> 1 + da. For a half O(sq) TVA which is 
chiral free, a = — 7^ provides just the right modification. We now give the argument. 

We claim that 

a = 7 ?i dc ?i ®1- (d w + d A )(^ <g> r € .) 



37 



38 B.H. Lian, A.R. Linshaw & B. Song 

is chiral horizontal in W <E> A, i.e. it commutes with (g> 1 + 1 ® ^, and that 

Since a has weight one, it is enough to see that <g>l + 1 <g> t^) o p a = for p = 0, 1. This is 
a straightforward computation using the preceding lemma and the identity [d^, l^] = L^. 
Combining dy^c^ = — |c^'^c^' + 7 ? and dyy^ = we g e t dyy^^dc^) = ^d^. 

We have shown that a is chiral horizontal and (dyv + dj\)a = <S> 1. But the 

right side of this is also obviously chiral horizontal. So this identity shows that a is chiral 
invariant, hence chiral basic. Thus ® 1 is <iyv + dj± exact in (W <E> -4)&as- □ 

Corollary 5.8. // £/ie G action on the manifold M is locally free, then kg (7^*97^) = 
m H G (Q'(M))[1]. 

In the next section, we shall improve this result and show that if the G action is locally 
free, then there are no positive weight classes at all. In fact, we will prove this for any half 
O(sq) TVA which is chiral free, of which A = Q'(M) is one example when the G action 
on M is locally free. This can be thought of as a chiral analogue of the classical result 
[6] that if A is a G* algebra with property C, then H G (A) = H bas (A). By Theorem 4.8, 
H-bas(A) = H bas (A[0]) for a half O(sg) TVA A. Thus the result says that if A is a half 
0(sq) TVA which is chiral free, then H G (^4) = H 6as (^4). 

We begin with an important case. 

Theorem 5.9. Suppose G is semisimple. If (A,d) is a half 0(sq) TVA which is chiral 
free, then kg(L) =0. In particular, Hg(A) has no classes with positive weights. 

Proof: The idea is quite similar to that in the preceding theorem. Recall that 

L = dwiQtjtf' +(3^dc^) e W(g). 

To trivialize L <g> 1 in Hg(A), we must add a d = dyy + dj, exact element in W <E> A to 
; 6^ + P&dc^) <S> 1, so as to make the modified element chiral horizontal. Again, we find 
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that adding —d(/3^ provides just the right modification. Checking that the modified 

element 

(Of^ + f3^dc^) <g> 1 - d(/3^ <8> r € .) 
is chiral horizontal is a straightforward calculation using Lemma 5.6. □ 

As a special case, we have 

Theorem 5.10. Suppose G is semisimple. If the G action on M is locally free, then 
kg(L) = in Hg(Q'(M)). In particular, Hg(Q'(M)) has no classes with positive weights. 

Later, we shall see that the semisimplicity assumption can be dropped. 

5.3. The class kg(<i) an d locally free T action 

Fix a half 0(sg) TVA and put 

q = 7*07* eH%(C)[l}. 

Under the assumption that kg(q) = in Hq(A), can we reconstruct the connection forms 
and hence show that A is chiral free? We shall see that in the geometric setting 
A = Q'(M) the answer is affirmative when G is abelian, but not so in general. 

A direct attack on this problem in the chiral Weil model seems to require quite sub- 
stantial information about the linear G action on the weight one subspace of W <E> Q'(M). 
This strategy amounts to showing that if there exists a point o E M whose stabilizer group 
Go has positive dimension, then there is no way to construct connection forms 6>£, and 
from it, the chiral horizontal element a above, to trivialize the class kg(q)- The difficulty 
here is that while the hypothetical a is required to be G invariant, the chiral horizontal 
condition involves operators which are not G invariant, but rather transform in the adjoint 
representation of G. 

We now discuss an alternative approach. We will first work in the general algebraic 
setting of a half O(sg) TVA A contained in an O(sg) TVA A', but later specialize to the 
geometric setting A = Q'(M) of a G manifold. Our approach is to use a kind of Cartan 
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model to circumvent the chiral horizontal condition, while paying the price of complicating 
the differential. However, this gives rise to another problem: W®A naively has no Cartan 
model because A is not an O(sg) algebra; it is merely an sg[t] algebra. In particular, the 
chiral Mathai-Quillen map $ = e^°) is not well-defined on W <8> A because the vertex 
operator 

(j) = <g> t€ . 

does not belong in W <S> A. One might then try to modify e^°) by, say, truncating the 
zeroth mode 0(0) to <j> + = J2 n >o c^(— n — l)(8)i^(n) so that it now operates on W®A. But 
the problem is that this truncated operator (f> + is not a derivation of the circle products. 
(E.g. (f>+[(b®c)o_ 1 (db®dc)] ^ (j) + (b®c)o_ 1 (db®dc) + (b®c)o_ 1 <j )+ (db(3dc).) But here 
is a crucial observation: W <S> A is a differential subalgebra of an algebra W <g) A', which 
has an O(sg) structure and on which the chiral Mathai-Quillen map $ is well-defined. In 
particular, the subcomplex 

bas 

is mapped to some subcomplex of $(W ® A')bas = (Whor ® A')i nv , which we can analyze. 

Lemma 5.11. Let B be the vertex subalgebra of A' generated by A and the vertex operators 
t € . Then $(>V <g> A) has C (W hor <g> B) inv . 

Proof: Note that the algebra W <E> B need not be a complex, but it is a module over sg[t]. 
It is a subspace of W <g) A' where the action of O(sg) is defined; (Whor <8> S) ir i« is simply 
the intersection (W^ ® A') inv D (W (8) B). 

Clearly the operator $ operates on the vertex algebra W <8> £> containing W ® A. In 
particular, we have 

^{W®A) has d{W hor ®A') tnv n{W®B). □ 

Note that 

$(7^ #7^ <g) 1) = 7^7^ ® 1 
and that the differential on the complex $(W ® A) has, restricted to weight one, is 

d G = $(rf w + cU)$ _1 = d w + d A - 7^(0) ® t € .(-l) - 7 Ci (-l) ® ^(0) - 7 ?l ("2) <8> 6 €i (l) 

+ c& (0) ® % (-1) + c& (-1) <g> (0) + c& (-2) <g> % (1). 
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We now study the shape of an element a such that 

d G a = q®l. (5.1) 

Since W = W(g) is generated by weight and degree homogeneous vertex operators 6, c, 7, 
we can decompose each W p [n] into a direct sum of finite dimensional subspaces labeled by 
the shapes of the monomials that span them. For example, if V is a given subspace of B, 
we call the subspace of W 4 [l] <8> V spanned by all monomials r y^d^ v <g> v the shape •fd'y^V. 
Assuming (5.1), we now examine how each operator appearing in do and each component 
of a in a given shape can contribute to q <g> 1 G 7^7 <g> B° [0] C W 4 [1] <g> B° [0] . 

First we consider all possible shapes occuring in a G (Wh or £g>£>) [1] which can contribute 
to q<8> 1 in (5.1). By consideration of degrees on both W and B, and degrees of each term 
in do, the possible shapes in W/u,r[l] ® B[0] which can contribute to q <g> 1 in (5.1) are 

/3 77 <g> B 1 [0] , £7 <g> B 3 [0] , /3 <g> £ 5 [0] , gT^g^O] , &77®g°[0] , 67 <g> £ 2 [0] , b <g> £ 4 [0] . 

The possible shapes in V\4 or [0] <g> B[l] which can contribute are 

77 ® 5- 1 [1] , 70 gjl] , 1 ® £ 3 [1] . 

Let 7r : W ® £> — > 7^7 ® £>°[0] be the projection which sends all W p [m] ® B q [n] to zero 
unless p = 4, q = 0, m = 1, n = 0, in which case 7r sends all shapes A ® £>°[0] to zero 
unless A = 7^7. In the last case, n is the identity map. Note that this projection map 
is a G-module homomorphism. Then by weight and degree consideration of those shapes 
listed above, we see that only those underlined survive in redact- Thus (5.1) becomes 

q ® 1 = ndoa = 7ida(a[b'Yy] + ® + 7 ?l ® g^) 

where 0(677] is the component of a of the shape 677 ® B [0], and g — > B l [Q] = A [0], 
£ I— > and g — > B [1], £ 1— > 5^, are some G module homomorphisms. Let 

7T : (7^7 ® -4°[0]) G - (7<9 7 ) G ® „4°[0] G 

be the projection map that sends all subspaces of the form 7^7 [V] ® * to zero, except when 
V = C, in which case 7r is the identity map. Here 7 $7 [V] is the G isotypic subspace of 
7^7 of the irreducible G type V. Since q G (7^7)°, it follows that q® 1 = nondca- Since 
dyy is a G homomorphism and ^0^^0677 = Tv 7rdy\>bjj , the contribution of this term to 
q ® 1 will only come from (677)°. By Lemma 7.8 of [8], <iyv(&77) G = 0. Thus we get 
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Lemma 5.12. A necessary condition for q® 1 to be do exact is that there exist G module 
homomorphisms g — > i3 1 [0], £ h- > and g — > 25 1 [1] , £ h- > <7£, swc/i £/ia£ 

q (g) 1 = 7^(7^7^ <g> (5.2) 

w/iere = t& o + ^. 0l g^. 

Proof: The / term comes from —7^ (—1) (0), while the g term comes from —7^ (—2) ® 
^(1) of da acting on #7** <g> /t., 7^ <g> respectively. By weight, degree and shape 
considerations, after projecting under 7To7T, no other terms will contribute to q (g> 1. □ 

We now specialize above to the geometric setting where A = Q'(M), A' = Q(M), for 
a G manifold M. Thus B is the vertex subalgebra generated by A and the in Q(M). 

Lemma 5.13. Suppose there exists a point o G M whose stabilizer group Go is infinite. 
Then there exists a nonzero £ G Q such that, for all x G B, 

t£ °p x\o = 0, p > 0. 



Proof: Since G is compact, Gq has positive dimension. Hence there exists a nonzero 
element £ G such that the vector field generated by £ vanishes at o. In particular 
t£ o f = L^f vanishes at o. In local coordinates, we have l% = ffb 1 where the ff are 
functions which vanish at o. Since B is the vertex algebra generated by Q!{M) and the 
vertex operators i v , it suffices to check our assertion for generators x, by Lemma 4.2. For 
x G <2'(M), this is clear. For x = l v , we have o p t v = for p > 0. □ 

A word of caution is in order here. Evaluation of a vertex operator at a point o G M 
must be done with care. For a general a; G <2(M), x| has no meaning. The reason is that 
in local coordinates 7*, even though each 7* is a function vanishing at the origin, we have 
ft o Y = Sij. When the functions appearing in x are vanishing with respect to a chart, 
it need not be so with respect to a different chart. Thus vanishing at a point is not a 
coordinate invariant notion! This phenomenon is closely related to the fact that the sheaf 
Q is not a module over C°°. However if x G £>, x\ Q makes sense because the restriction 
of x to any local chart does not involve the vertex operators f3 l . In any case, for what we 
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need, it is enough for the preceding lemma to hold for x E 1 (M) and x E H 1 [1], which 
can be checked explicitly in any local coordinates. 

Theorem 5.14. Suppose G is abelian. Then kg(q) = in Hg(Q'(M)) iff the G action 
on M is locally free. 

Proof: We have already proved the "if part. In this case, G acts trivially on W and hence 
each "f^-d'-y 71 is G invariant, and 7r is the identity map. Then the preceding lemma yields 
that hij = Sij. Suppose the G on M is not locally free. Then there is a point o E M 
such that the stabilizer group has positive dimension. So there is a unit vector £ in the 
Lie algebra of the stabilizer of o, such that the vector field X$ vanishes at o. Then for 
t£ = f^b 1 , we have ff\ a = 0. In particular, i£ o p x\ Q = for all x E B and p > 0, by the 
preceding lemma. Choose & so that £i = £. Then hn\ = 0, contradicting hn = 8n = 1. 
□ 

We shall see in the next section that the vanishing of «G(q) is not enough to guarantee 
locally free action when G is semisimple. 



6. Chiral Equivariant Cohomology of a Quotient Space 

6.1. T -reduction 

Throughout this subsection, let G, T be compact connected Lie groups; T is assumed 
abelian. 

Theorem 6.1. If A is a half 0(sg© st) TVA which is T chiral free, then the chain map 
(W(t) <g) VV(fl) ® ^) GxT-bas ^ (W(g) <S> AT-bas)G-bas induces an isomorphism 

Hgxt(-4) — H G (Ar_ 6as ). 



Before the proof, we give a few important consequences. 
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Corollary 6.2. If M is G x T manifold on which T acts freely, then 

H GxT (Q'(M))^H G (Q'(M/T)). 



Proof: Since T acts freely, Q'(M) is T chiral free. By Theorem 3.10, Q'(M) T _ bas = 
Q'(M/T). Now apply the preceding theorem to A = Q'(M). □ 

Theorem 6.3. If A is a half O(sg) TVA which is G chiral free, then H G (.A) has no 

classes with positive weights. 

Proof: Since G is assumed connected, it is of the form (H xT)/F where H is semisimple, 
T is a torus, and F is a finite subgroup of H x T. Thus given a half 0(sg) TVA A, we 
can regard it as a half 0(st) © st) = O(sg) TVA on which the subgroup F C H x T acts 
trivially. So we have 

H g (^) = H H xt(^). 

By the preceding theorem, it suffices to show that Ax-bas is a half O(sh) TVA which is H 
chiral free. For then Theorem 5.9, applied to this algebra, yields our assertion. 

Since the actions of H and T commute, the st)[t] structure on A restricts to Ar-bas, 
i.e. for £ e f), p > 0, the operators L^o p ,^o p preserve Ar-&as- By definition, the chiral 
contracting homotopy g is G chiral horizontal. In particular, for n G t, p > 0, we have 

L-q °p g = —t"r) °p dg = —l v o p L = l v S Pj i 

where the last equality holds because l v is primary of weight one. This shows that Ax-bas 
is also preserved by the action of go ni n > 0. Thus the half O(sh) TVA structure on A also 
restricts to the subalgebra Ar-bas- Finally, we need to show that this structure is H chiral 
free. By assumption, A is G chiral free. So we have G connection forms 9^ parameterized 
by £' G g = f)©t. By Lemma 5.6, we see that the connection forms parameterized by £' G f) 
are all T chiral basic because [)* _L t. In other words, we have f)* — > Ar-bas, £' | — ► %, 
defining H connection forms on Ar-bas- This completes the proof. □ 
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Corollary 6.4. If M is a G manifold on which the G action is locally free, then H G (.4.) 
has no classes with positive weights for A = Q'(M) or Q(M). 

This generalizes Theorem 5.10. We now proceed to the proof of Theorem 6.1. 

Lemma 6.5. Put 5 = dyv(t) + ^w(b) + ^A? an d let (7? c )t be the subalgebra of W(t) 
generated by the 7 17 ', c v ' with rf e t*. TTien i/ie c/mm map (W(t) <g> W(g) <8> .A) Gx T-bas ^ 
[(7, c) T ® (W(g) ® AT-inv)G-bas\T-hor induces an isomorphism 

H GxT (-4) = H ([(7, c) T ® (W(fl) <g> ^T- l n«) G -6a S ]T-/ l or, 5) . 

Proof: Since W(g © t) = W(t) ® W(g), the chiral Weil model gives 

H GxT („4) = # ([W(t) ® (W(g) ® A) G - bas ] T -bas, 6) . 

We can view (W(g) <8>.4) G _6 as as an st[t] subalgebra of the 0(st) algebra (W(g) <2>A')G-baa 
with differential <iyy;( fl ) + d.A, and consider the small chiral Weil model of this subalgebra. 
Here A' is some 0(sg©st) TVA containing A. Since O(st) acts trivially on W(g), we have 

— bas\T— inv 

(W(g) ® A T —inv^G — bas- 
Now Theorem 2.7 (small chiral Weil model) yields the desired isomorphism. □ 

We would like to take further advantage of the T chiral freeness of A by using Lemma 
5.4 to describe the algebra 

[(7, c) T ® (W(g) <g> At —inv ) G — bas\T — hor 

Unfortunately, the T connection forms 6^> are almost never G chiral basic because, in 
general, they don't commute with ^ ^ G g, i.e. they fail to be G chiral horizontal. To 
circumvent this, we use the G chiral Mathai-Quillen isomorphism $ G to isolate the G 
chiral horizontal condition to the factor W(g). Recall that 

$ G = e (c € *®* €i )(0) 
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which obviously commutes with the T chiral basic condition. Thus 

$g[(7» c )t ® (W(fl) <g> ^4)g -bas ? 

^^(Wfo) <g> A) G - bas c (W(g) G -w <g> ^Oc-int;- 

Clearly B is an st[£] algebra. Since the T connection forms 6 V ' G -4 1 [0] are chosen to be 
invariant under G, and since they have weight zero, they are also G chiral invariant. Hence 
they must lie in (yV{Q)G-hor®A')G-inv This implies that Q^O^i = 9 V ' — <S> °o9 v ') £ 
W(fl) ® -4 is G chiral basic. This shows that ^g^g 1 ^?') = 0^ e B (but note that 
®g6t)' 7^ ^77')- ^ follows that £> is an st[i] algebra which is T chiral free. Note that (7, c)t 
is also an st[t] algebra which is T chiral free with connection forms 77' 1— > c v (and trivial 
t[t] action). The differential on ((7,c)t <E> B)T-bas is 

^g^ 1 = dw(t) + do, = dw(fl) +d A ~ (7 ?: ® t&)(0) + (c£ <g> L € .)(0) 
where (ic acts only on the £> factor. 

We now make a few observations about the complex (((7, c)t <S> B)T-bas, ^g^g 1 )- 
•For 1] E t, b 11 + l v commutes with 1 ® Br-bas, because 6^, 6,, do separately. 

•Since T acts trivially on (7, c)t, ((7, c)T®B)T-bas is the subalgebra of ((7, c)T®B)T-inv = 
(7, c)t <8> Br-inv commuting with the b v + l v . 

• (7, c)t <S> Br-inv is a free module over the algebra (7, c, 6>)t on the subspace 1 <8> Br-bas- 
•For 7/ G t', put 

u"' = c"' + ^/, v"' = c"' -0„/. 

Then the 7 r? ', t; 77 ' commute with the 6 17 + t v and the •u 71 '; the nonnegative Fourier modes of 
the W + l v and the negative modes of the u v ' generate a Clifford algebra. 

•Thus, ((7, c) T <E> B) T -bas is free over (7, v) on 1 <g> B T -bas- 
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Lemma 6.6. Let (W*,Si) be an abstract Koszul algebra, i.e. W j = Q)j= p+ 2 q A p V ® S q V 
and Si is the derivation such that Si(v <S> 1) = 1 <S> v for v G V. Let C be a free W -module 
generated by a subspace B C C . Assume C is equipped with two anticommuting square-zero 
differentials Si, 62 and an inclusion (W, Si) (C, Si) as differential W -modules, such that 

Si(wb) = (Siw)b, weW,beB, S 2 :W J B -> W J B ®W 3 ~ 1 B. (6.1) 

(In particular S\\B = 0.) Then the inclusion (B, 5 2 ) c — ► (C, 61 + 62) is a quasi-isomorphism. 

Proof: Since C is W free on B, we have C = ® • C J where C J = W^B, and 

W{C*,S 1 ) = BS j , . 

Now our assertion follows from a standard result in homological algebra [7] . □ 
Proof of Theorem 6.1: Put 

C = ((7,c)t<8> B) T -bas, B = l®B T -bas, W={ 1 ,v). 

View W as the Koszul algebra generated by the negative Fourier modes of the 7^ , v v , for 
r\ G t, 7/ G t*, and view C as an abstract free module over on £?. The differentials are 

<*i = d w(t) = (7^^)(0), 5 2 = rf G = rfw(fl) + <U - (7 d ® ^)(0) + (c£ ® L C .)(0). 

They anticommute, <5i kills £?, and 5iv v = "f v . Since (Si + 52)v v lies in C, it must 
commute with the W + l v for 77 G t. This implies that ^w 17 ' = —62^' must commute 
with I,,. (This can also be verified by direct computation.) Since 9 V G £>, so is S2O 11 G B, 
because (B, 62) is a complex. This shows that S2V 11 ' G B. Since #2 is T invariant and S2O 11 ' 
has weight zero, it is also T chiral invariant. But a T chiral invariant element in B lies in 
.B = 1 <g) Br-bas = Br-bas iff it commutes with the t^. This shows that 

S 2 v T1 ' G 5. 

Since 9 commutes with 62, we also have S2d p v r >' G -B. Since S2V 11 ' G C[0] and C[0] is a 
commutative algebra (with product o_ 1 ), this element commutes with all 7, v, hence with 
W. It follows that all d derivatives of S2V 11 ' also commute with W. Clearly 62^' = 0. So 
for w G W 3 , we have [^2,w] G W^~ X B. Hence we conclude that 

S 2 : W J B -> © 
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Thus we have verified (6.1) of the preceding lemma. So the map B 



C induces 



H(B,S 2 )^H(C,S 1 + S 2 ). 

We also have 

H(B, 6 2 ) = H(B T . bas , d G ) = H($ G (W(g) ® A T -bas) G -bas, ^g^ 1 ) 

where the right side is nothing but the chiral Cartan model of Hc^Ax-bas)- To summarize, 
we have the chain maps 

(Wit) ® W(fl) © A) GxT -bas ^ [(7, C) T ® (W( ) <g) ^) G -6a S ]T-6a S ^ C <- S^A 

where A = (W(g) © ^4.T-6as)G-6as- We have shown that each of these chain maps induces 
an isomorphism on cohomology. It is clear that their composition is the canonical inclusion 
(yV(t)®W(Q)®A)GxT-bas ^ (yV{Q)®AT-bas)G-bas- This completes the proof of Theorem 

6.1. □ 

Remark 6.7. The results proved in this subsection require only that A possesses a T 
chiral free (sg®st)[t] algebra structure, and not a half 0(sg © st) TVA structure, because 
the chiral contracting homotopy g and the conformal structure L = dg are never used. 

6.2. Chiral connection forms 

Throughout this subsection, G and H will be compact connected Lie groups. 

Let A be a half 0(sq © st)) TVA which is H chiral free and let tf -> d v > £ A[0] be 
H connection forms. By averaging over G (since G and H commute), we can assume that 
the V ' are G invariant. Since 9 V > has weight zero, it is then G chiral invariant. We shall 
further assume that for rj' £ t)* 

IV = g °o V ' e Aa-hor, n > e Ao-inv, (6.2) 

where g is the chiral contracting homotopy for the half 0(sg ©sh) TVA A. By definition, 
g commutes with l% for all £ £ © t). Thus for p > we have t£ o p T v > = g o o 9 v ')S Pj o, 
which a priori need not be zero when p = 0, unless £ £ f). Thus the first condition in 
(6.2) is an additional restriction on A. We shall call a chiral connection form of A. 
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Geometrical example. In any case, (6.2) holds in the geometrical setting where A = 
Q!(M) C Q(M) and M is a G x H manifold on which the H action is locally free. In this 
case, since g = b l dY (in local coordinates) and 6 V > G 1 (M) is chosen to be G invariant, 
it follows that each of the is a sum of dY with coefficients given by smooth functions. 
Hence it commutes with tx for any vector field X. In particular r v > is G x H chiral 
horizontal, and so assumption (6.2) holds in this case. 

Throughout this subsection, A will be a half O(sg0)st)) TVA which is chiral free with 
respect to G and H separately, such that assumption (6.2) holds. 

Lemma 6.8. The map f)* — > A, r( \— > F v ', is a homomorphism of G x H modules. 
Moreover, for £ e © f), r/ G f)*, 

L^rV =^o ^ e^[0]. (6.3) 

In particular, for ^ 6 t, o 0^/ zs egitai to t/ie scalar (£, . vlZZ ^/iree statements hold if 
the roles of G and H are interchanged. 

Proof: The map f)* — > ^4, r/ i— > 0^', is clearly an if module homomorphism. Since we 
have chosen the 6 V > to be G invariant (cf. (6.2)), this is a G x if module homomorphism. 
Composing it with goo, we get n' i— > T^. Since g is G x H invariant by Lemma 4.10, our 
first assertion follows. 

For the second statement, we cannot just apply Lemma 5.6 naively here because the 
connection forms 9 V > are with respect to the H action only. But the proof of the second 
equality there carries over to prove (6.3) with only trivial changes. Finally, since the 9 V ' 
are H connection forms, the right side of (6.3) is (£,?/), when £ e I). □ 

6.3. K GxH (A) 

Throughout this subsection, G and H will be compact connected Lie groups; G is 
assumed semisimple. 
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We can regard VV(fj) as an 0(sq © sf)) algebra in which O(sf)) acts trivially. In 
particular, it is automatically H chiral basic. Thus its G x H chiral basic cohomology is 
nothing but 

H GxH -6a S (W( ))=H G (C). 

Consider the map 

W(fl) ^ W(g) © W(f»), xi->x(8)l, 

which is obviously a homomorphism of 0(sg © sh) algebras. This induces a map on the 
G x H chiral basic cohomology. So we have a canonical map 

H G (C) ^ H GxH (C), [x]»[x®l]. 

Thus if A is any (sg © sf)) [t] algebra, we can compose this map with the G x H chiral 
Chern-Weil map of A and get 

H G (C)^H GxH („4). 

In particular, we can view Hgxh(A) as a module over the vertex algebra H G (C). Likewise 
we can do the same for H#(C). 

Lemma 6.9. For any (sjj©sf))[£] algebra, the natural map 

H G (C) © H H (C) - H GxH (^l), [x] © [y] ^ [x © y] 
defines on H Gx #(^4) a module structure over the vertex algebra H G (C) © H#(C). 



Theorem 6.10. Let A be a half 0(sg © sf)) TVvl which is separately G and H chiral 
free, let g* © f)* — > ^4, £' l—> be a G x H module homomorphism defining the G and H 
connection forms, and put T^> = g o 6V . Assume further that G is semisimple, and that 
for (' e g* © f)*, C e 0© I)? IV isGxH chiral horizontal and o „4°[0] = o „4°[0] = 0. 
T/ien £/ie image of the class L e H G (C) m H Gx #(.A) zero. 

Note that since o commutes with the vertex operators in „4 for £ e g © f), the 
assumption that T^/ = o o 6V G AoxH-hor is equivalent to (cf. condition (6.2)) 

?oo(t(0 ^) = 0, VCG0©f). (6.4) 
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This holds a priori if ( e and (' G g*, for then we have o = (£, £'). The same holds 
for ( <Et), (' e h'. In any case, (6.4) and the assumption that o „4°[0] = ^ o „4°[0] = 
always hold in the geometrical setting A = Q'(M). In fact, in this case we have .4°[0] = 
C°°(M), giving g o .A°[0] = 0, hence (6.4) as well. 

Corollary 6.11. Suppose, in addition to the preceding theorem, that H = T is abelian. 
Then HotAr-bas) has no classes with positive weights. 

Proof: By Theorem 6.1, we have an isomorphism HoiAT-bas) Hg x t(A) induced by 
the canonical inclusion map W(g) <8> A W(t) <8> W(g) <S> A. Under the natural map 
Hg(C) — > H GxT („4) above, the image of the class L is 1 <g> L <g> 1. Pulling back to 
Hci-AT-bas), it becomes L <g> 1 e W(g) <S> A. This coincides with Avg(L), the image of 
L under the chiral Chern-Weil map kq : Hg(C) — > HciAr-bas)- Therefore, by the 
preceding theorem, this class must be zero. By Theorem 4.16, HotAr-bas) has no classes 
with positive weights. □ 

Corollary 6.12. Let M be a G x H manifold in which the G and H actions on M are 
free separately. Then the image of the class L e Hg(C) in Hgxh(Q'(M)) is zero. 

Proof: Specialize Theorem 6.10 to A = Q'(M), which is separately G and H chiral free, 
since the G and H actions on M are free separately. □ 

Corollary 6.13. Suppose, in addition to the preceding corollary, that H = T is abelian. 
Then Hq(Q'(M/T)) has no classes with positive weights. 

Proof: Specialize the first corollary to Theorem 6.10 to the case A = Q'(M). Then 
A T -bas = Q'(M/T) by Theorem 3.10. □ 

Corollary 6.14. For any semisimple group G, and a torus T C G acting on G by right 
multiplication, Hg(Q'(G/T)) has no classes with positive weights. 

The theorem says in particular that Avc(q) = in Hg(Q'(G/T)). Note that the G 
action on G/T in this case is never locally free. Yet the G manifold G/T has no weight 
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one chiral equivariant co ho mo logy. This is in sharp contrast to Theorem 5.14 for abelian 
G, where the vanishing of A«c?(q) guarantees that the G action is locally free. 

This example also illustrates an interesting distinction between the classical and the 
chiral theory. The former is a cohomology theory attached to pairs (G, M) in a way that is 
(contravariantly) functorial in both G and M. It is well-known that if the G and T actions 
are separately free on M, then we have the following natural isomorphisms of classical 
equivariant cohomology 

H GxT (M) = H G (M/T) = H T (M/G). 

Thus the classical theory cannot distinguish the three pairs (GxT, M), (G, M/T), (T, M/G). 
But the chiral theory can sometimes distinguish at least the last two pairs. For M = G, 
and T C G abelian, the preceding theorem shows that Hg(Q' (G /T))[l] = 0. But in [8], 
we have shown that Ht(Q'(G/G)) = Ht(C) is nonzero in every positive weight. On the 
other hand, Corollary 6.2 shows that the first two pairs lead to the same chiral equivariant 
cohomology, whether or not G is abelian, and whether or not G acts freely on M. 

Proof of Theorem 6.10: Fix ortho normal bases & of g and rjj of f), and identify g = g*, 
f) = h*, by using invariant forms. Recall that the class L in Hq(C) is represented by 
d w(s) (&Jb^ +[3^dc^). Put 

z = (el'&fc + ftidc^) <g> 1 g C = W(g © h) ® A. 

We shall adopt the convention that operators operating on either factor of C will be re- 
garded as operators acting on C. (In other words we shall omit tensoring such operators 
with 1.) Suppose we can find an element y G C such that the following holds: 

(1) (eJv + L ? ) ° P ot = ft <S> 1 £ p ,i for £ G 0, p > 0; 

(2) a is G chiral horizontal; 

(3) a is H chiral basic. 

Put d = c?vv(f)) + ^W(b) + ^-4- Then we claim that z — da is G x H chiral horizontal. 
For ( G g © f), p > 0, we have 

(&< + t c ) o p ( z - da) = (3^ © 1 5 pA - (6^ 
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where is the image of ( under the projection g © t) — > 0. Consider the terms on the 
right side. The last term is zero by (2) and (3). When £ G g, the first two terms add to 
zero by (1). When £ G f), the first term is zero, and the second term is also zero by (3). 
This proves the claim. 

If (l)-(3) hold, then we are done. For then the image of L in H_gxh(*A), which is L(g> 1, 
is represented by dz = d(z — da). But since z — da and dz are both Gx H chiral horizontal, 
it follows that z — da is also G x H chiral invariant, by the identity [d, + 1^] = 0yy + . 
This means that d(z — da) is d exact in (W(g © h) © A)GxH-b as and hence L © 1 is trivial. 

We now proceed to construct a satisfying (l)-(3). First, in the simplest case H = 1, 
Theorem 5.9 (for G semisimple) already provides the answer: a = (3^ ©T^. . Starting from 
this, there will be a 4-step iteration in which we successively correct this to make (l)-(3) 
hold in general. Put 

y = (3^ ©T Ci . 

For a = yo, (1) holds because yo is G invariant, 0^yO p kills the (3^ and L^o p T^ = (£, £j) 8 Pt \ 
for £ G g, p > 0, by Lemma 5.6; (2) also holds because the T^. are G chiral horizontal, by 
the same lemma; yo is also T chiral horizontal because of the assumption T^. G AgxH-Hot- 

But for a = yo, (3) fails. Clearly y is H invariant, and it is killed by (6^y + L v )o p 
for 7] G h, p > 1, by weight consideration. But for p = 1, this fails since 

(6^ + L v ) 0l y = © L„ ox r&. 

Note that L v o 1 T^. = i v o Q^. g „4°[0] by Lemma 6.8. To cancel this we put 

V\ = Vo + x , %o = -/3 ?i © : T v . (L v . o 1 I&) : . 

Indeed, xq is manifestly H invariant and is killed by (©^y + L v )o p for 77 G f), p > 1, by 
weight considerations. For p = 1, we have 

(6^ + L„) ox x = -(3^ © L„ 0l Y it 

by Lemma 5.6, Lemma 2.9 of [8], and the assumption that r^.j o A[0] = 0. Thus 
Hi = 2/0+^0 is now f chiral invariant. It is GxH chiral horizontal because G AgxH-Hot 
and t£ o ^4°[0] = 0, by assumptions. So for a = j/i, (2) and (3) hold. 
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But for a = yi, (1) fails. In fact, we have seen that (1) holds for y , and xq is manifestly 
G invariant and is killed by (0^, + L^)o p for £ e 0, p > 1, by weight consideration. For 
p = 1, we have 

(©^ + L e ) 0l x = -ft* <g> Oi r„.)(L„. ox r €i ). 
To cancel this we put 

V2 = yi + x u Xl = ©| fe /3^ ® (L €fc 0l r„.)(L„. 0l r €i ). 

Indeed, xi is manifestly G invariant and is killed by (0yy + L^)o p for £ e g, p > 1, by 
weight consideration. For p = 1, we have 

(©vv + l € ) 0l X! = ^ ® (l ? 0l r„.)(L„. 0l r 6 ). 

Here we have used the fact that ©yy o x ©| fe = @| o 1 @| fe = So for a = y 2 , now 

(1) holds. We have seen that (3) holds for y\. The term x\ is also H chiral basic, since 
all three vertex operators appearing in it, namely ©| fe , j3^\ (L^ k o 1 T Vj )(L v . o 1 I^.), are H 
chiral basic. Here we have used the fact that G, H commute and that o „4°[0] = 0. So 
(3) holds for a = y 2 . 

But for a = y 2 , (2) fails. In fact, we have seen that (2) holds for y l5 and x\ is killed 
by (b^ + t^)o p for £ G g, p > 0, by weight consideration and because of b^(z)<S>£ k (w) ~ 
— b^ k, ^(w) (z — w) -1 . For p = 0, we have 

(& € + 1 € ) o Xl = -bfodfi* ® (L Cfc 0l r„,)(L„, o! r c j. 

To cancel this we put 

1/3=2/2 + X 2 , X 2 = -6K*-€']^ ® ^(L Cfc 0l r„,)(L„. O! T C J. 

Indeed, £2 is killed by (b^ + i^)o p for £ G g, p > 0, by weight consideration and because b^ 
commutes with b^ k '^ l \P^. For p = 0, we have 

(ft* + t € ) o x 2 = <g> (L € 0l T Vj )(L Vj 0l r €i ). 

Here we have used the fact that t£ o 6>^ = (£, and that l% o „4°[0] = 0. So for a = j/3, 
now (2) holds. We have seen that (1) holds for y 2 . The term x 2 is manifestly G invariant, 
and the vertex operators appearing in it, namely b^ k, ^ l \ 6^(L^ k o 1 T r) .)(L r) . o 1 T^.), 
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are all killed by (0^y + L^)o p for £ G 0, p > 0, by weight consideration. So for a = y 3 , (1) 
holds. 

But for a = 1/3, (3) fails. In fact, we have seen that (3) holds for y 2 , and x 2 is 
manifestly H chiral invariant. So z/ 3 is chiral invariant. The term x 2 is also killed 
by (b v + i v )° P for r\ G f), p > 0, by weight consideration and because b 11 commute with 
For p = 0, we have 

Here we have used the fact that t v o 6>£, = L v o 1 , by Lemma 6.8. To cancel this we put 

2/4 = 2/3 + x 3 , £ 3 = -c"™&K fc '^ ® (L„ m 0l r ?i )(L ?fe 0l r„.)(L„. 0l r €i ). 

(Note that all the vertex operators appearing in x 3 are pairwise commuting.) Indeed, xs 
is killed by (b 11 + l v )° p for £ G f), p > 0, by weight consideration and because b v commutes 
with For p = 0, we have 

(6" + g o 0:3 = -6^/^ ( Lj? 0l r ?i )(L ? 0l r„.)(L„, 0l r^). 

Here we have used that 6^ o c 77 " 1 = (77, r/ m ) and that t v o ^4°[0] = 0. So j/4 is now i7 chiral 
horizontal. We have seen that 7/3 is chiral invariant. The term £3 is also manifestly H 
invariant and is killed by (0yy + L v )o p for 77 G f), p > 0, by weight consideration. So for 
a = z/4, (3) holds, i.e. 2/4 is iif chiral basic. 

We have seen that (1) holds for y 3 . The term X3 is manifestly G invariant, and the 
vertex operators appearing in it, namely c 71 " 1 , b^ k &\ [5^ , (L J?m o 1 r^)(L^ fc o 1 r j?j )(L r?3 .o 1 r^ i ), 
are all killed by (©^y + L^)o p for £ G 0, p > 0, by weight consideration. So for a = y 4 , (1) 
holds. 

Finally, we have seen that (2) holds for y 3 . The term x 3 is G chiral horizontal, since 
the vertex operators appearing in it are each G chiral horizontal. Here we have used the 
fact that g, f) are orthogonal and that l$ o „4°[0] for £ G 0. So for a = 2/4, (2) holds. 

In conclusion, for 

a = <g> - (3^® : r„,(L„. o, r €i ) : +©| fe /^ ® {L ik o x r„.)(L„. o x 1^) 
_ ^Ki,*.]^ (Lfjm 0l r Ci )(L^ fe 0l T V3 )(L Vj 0l r ft ), 

we have shown that (l)-(3) hold. This completes the proof. □ 
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